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PREFACE 


T HIS book has been developed from lectures m which I 
have done what I can to make the fundamental ideas of 
theimodynamics as clear as possible, and particularly to 
explain the methods by which the abstract general laws 
are brought to bear upon the actual problems of physics 
and chemistry By the degree in which this one object is 
attamed the book must be adjudged successful or otherwise 
It seeks to contribute something to the clearing up of those 
difficulties m understanding the principles of an unfamiliar 
subject which most students of chemistiyexperience, and 
I Jiave tried throughout to discuss in some detail precisely 
those points which I know to be found difficult 
There is no advantage in piesenting a formally unified 
system, because the laws of thermodynamics can be clothed 
m many forms, choice between which is entirely a matter of 
individual preference or of circumstances, and nobody can be 
at home with original literature without some acquaintance 
with them all I have tned, therefore, to exemphfy a number 
of the more important methods 
A good deal of stiess is laid, all through the book, on the 
interconnection between the laws of thermodynamics and the 
kinetic thcoiy This is in a sense a departure from a rigid 
thermodynamic method, but I think the gam in clearness is 
very great I am out of sympathy with those who regard 
thermodynamics as a science based upon empirical laws 
independent of the actual nature of things If it were not 
for the molecular-kinetic nature of things there is no particular 
reason for believmg that the laws of thermodynamics would 
be what they arc 

C N H 

OXfrORl) 
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THERMODYNAMICS FOR 
STUDENTS OF CHEMISTRY 

CHAPTER I 
INTRODUCTORY 

THE AIM OF THERMODYNAMICS IN CHEMISTRY 

In the earlier stages of its development chemistry dealt 
almost exclusively with the transformations of matter The 
properties and composition of substances were studied and 
the means by which these substances might be converted into 
others of different properties were investigated. But when 
interest became directed to the actual process of chemical 
change, and when the mechanism of the transformations as 
well as the properties of the various products was studied, 
it was necessary to take into account not only material 
changes but also accompanying energy changes 
All natural processes are associated with energy changes 
which play an essential r 61 e m the phenomena In problems 
of mechanics the relations of matter and energy are clear 
and distinct If we have, for example, a smooth and per¬ 
fectly clastic sphere of mass in, moving with velocity u, it 
has m vutuc of its motion a kinetic energy \mu 2 , because 
this amount of work would have to be done on it m order 
to bring it to rest If it now impinges directly upon a second 
smooth and perfectly elastic sphere of the same mass it will 
be brought to rest, while the second sphere will move off 
with velocity «, and therefore with kinetic energy tynu*. 
That is to say an amount of kinetic energy has been 
transferred from the first sphere to the second, while no 
actual material change has taken place In this case the 
energy change is not only the essential but the sole feature 
of the process 

In the more complex phenomena of physics and chemistry 

i i 
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the relations are necessarily more involved and difficult to 
picture. Material changes and energy changes occur simul¬ 
taneously For instance all the material changes of chemistry 
are accomp ani ed by evolution or absorption of heat, and 
these heat changes represent a very essential pait of the 
phenomenon. The problem therefore presents itself m what 
ways does the heat change govern the chemical reaction ? 
Or if we consider the processes of vaporisation and fusion 
we find that both are accompanied by the absorption of heat, 
and a similar problem arises concerning the connection 
between the heat changes and the phenomena of change of 
state We know, for example, that the boiling point of a 
liquid is dependent on the external pressure, and we might 
enquire whether the extent of this dependence is connected m 
any way with the latent heat of vaporisation. Questions of 
this sort all involve the consideration of rather subtle inter¬ 
relations of matter and energy Two mam roads of attack 
are open, one through the kinetic theory of matter, the other 
through the laws of thermodynamics The law's of thoimo- 
dynamics aie closely and fundamentally connected with the 
kinetic theory of matter but are more general in tin lr applic a- 
tion 

THE KINETIC THEORY OF MATTER, AND THE DYNAMIC AL 
THEORY OF HEAT 

The most cursory survey of natural phenomena suffices to 
show that heat changes play a unique part m nature They 
accompany nearly every natural process—the expansion of a 
gas, the stretching of a soap film, chemical union or decom¬ 
position, vaporisation and fusion 

This is a consequence of the molecular nature of matter 
and the fact that heat is a manifestation of the irregular 
motion of the molecules of a body After outlining briefly 
the kinetic theory we may illustrate this point by a few 
examples 

The evidence that matter is molecular in nature is primauly 
chemical. The laws of constant and multiple propoitions 
lead one to infer that matter is made up of discrete stnw tuial 
units, and the recent work of Perrin on colloidal solutions has 
placed the question of the real existence of molecules beyond 
dispute 

Considering first a gas as the simplest case, the total 
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volume of the gas must be large compared with the actual 
space occupied by the molecules, since the same number of 
molecules merely by moving closer together when the gas 
liquefies pass into a volume many hundreds of times smaller 
When, for example, i c c. of water vaporises and gives 1,750 
ccs of steam the same number of molecules are scattered 
through a volume 1,750 as great, and the distances between 
them must be very great compared with their proper magni¬ 
tudes 

The molecules of a gas are not at rest but moving m all 
directions, and continually colliding with one another The 
direction of the lmc of centres and the relative velocities of 
two molecules at the moment of an impact may vary almost 
indefinitely from case to case, so that the velocity of a given 
molecule may be changed as the result of a collision from 
almost any value to almost any other As a result of several 
successive impacts of a favourable kind the molecule can 
acquire a very great velocity, or on the other hand may be 
brought nearly to rest 

Among the millions of molecules contained m a cubic 
centimetre of gas at atmospheric pressure it is impossible 
practically to trace out the history of the changes m velocity of 
a single molecule due to its successive impacts, but it is clear 
that on the average certain types of event are much moie 
likely to occur than others For instance, though it is possible 
for a single molecule to acquire an enormous velocity as the 
result of a long series of impacts of a special type, it is very 
improbable that a long series of these favourable impacts 
will occur without the occurrence of unfavouiable impacts, 

1 e impacts resulting in a diminution of velocity It follows, 
therefore, that, on the average, out of a very large number 
of molecules the proportion which acquire this great velocity 
will be small Actually the velocity of a single molecule 
rises and falls about a mean value, rising only rarely to a 
very high value when a succession of favouiable impacts have 
occurred, and falling only rarely to a value near zero when 
a succession of * unfavourable ' impacts have occurred 

The various states assumed by a single molecule over a 
long senes of collisions are reproduced simultaneously when 
a great number of molecules are taken together at a given 
instant A certain proportion have veiy large velocities, 
some have very low velocities The velocities are said to be 
* distributed' about a mean value The velocity of a single 
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molecule varies continually, but when many millions of 
molecules are considered the fraction of the total number 
which have velocities between certain specified limits is 
practically constant This state of affans is known as a 
statistical distribution 

The velocity, c, of a molecule is determined m magnitude 
and direction when three rectangular components, n $ v, w , 
are known, such that c 2 ~u 2 j rv 2 j rw 2 

The number of molecules possessing velocity components 
between u and is given by the expression A du, 
where A and a are constants 

This is known as Maxw ell's distribution law. 

If a mass of gas is unconfined by a containing vessel, those 
molecules on the outskirts which happen to possess velocities 
directed away from the centre of the mass will move outward 
and continue to do so, since having left the mass they are no 
longer impeded by collisions This escape represents the 
well known tendency of unconfined gases to expand in¬ 
definitely On the other hand, if the gas is enclosed in a 
vessel certain molecules which possess outward directed 
velocities impinge upon the walls of the vessel The normal 
components of the momenta of these molecules are reversed 
by the impact so that a pressuie is exerted on the walls 
This is the ordinary gas pressure 

The molecules of a gas exert in general an attractive force 
on one another which is very small unless the molecules are 
very close together When a gas is cooled or very stiongly 
compressed a point is reached when the molecules cluster 
together m virtue of this attractive force and the gas is said 
to liquefy In the liquid state the molecular movement 
persists, but, the molecules being much closer together, the 
average distance traversed by a molecule before a collision 
takes place with another molecule, 1 e the mean free path, 
is very much smaller 

The attractive forces between the molecules m the liquid 
state are no longer small as m the gas, and, moreover, they 
must differ m different directions round the molecule since 
all molecules possess a more or less complicated structure 
When the liquid is cooled a point is reached where the mole¬ 
cules orientate themselves m such a way as to place their 
regions of maximum attraction as close together as possible 
and a solid of definite structure is produced The mok cities 
of the solid are still capable of vibiatory motion, but pio- 
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gressive translatory motion of the molecules no longer takes 
place. 

The dynamical theory of heat states that the heat content 
of a body is simply the energy of molecular agitation, together 
with the potential energy of separation of molecules which 
exert attractive forces on one another. The reasons for 
believing heat to be a foim of energy, or m Tyndall's original 
phrase * a mode of motion/ are well known Consider the 
conditions of Joule's experiment on the Mechanical Equivalent 
of Heat A falling weight would if free acquire kinetic 
energy In Joule's experiment, however, it is prevented 
from getting up speed and made to chum up water with a 
paddle-wheel The motion which the weight would have 
acquired is given to the water. It does not persist, however, 
m the form of visible motion of the mass of water, but is 
communicated to smaller and smaller parts of the mass, 
which chum through one another m random directions 
Finally all visible motion of the water disappears, and passes 
all into the separate molecules Their motion is completely 
chaotic, as many are moving m one direction as in another, 
so that the mass as a whole has no resultant motion Mass 
motion has passed into molecular motion and the water is 
found to have become hotter. 

It is not therefore surprising that heat changes accompany 
most physico-chemical processes, since these are concerned 
with changes m molecular constitution and aggiegation 

We find that vaporisation of a liquid takes place with 
absorption of heat Vaporisation involves separation of the 
molecules against the atti active forces, and thus the per¬ 
formance of work The velocities of two molecules which 
are moving away from each other against the attractive 
forces will be diminished Their potential energy increases 
while their kinetic energy decreases. After vaporisation has 
taken place the molecules on the average will be moving more 
slowly and the temperature will have fallen unless the process 
takes place sufficiently slowly for heat to be absorbed from 
the surroundings and maintain the temperature constant 

Analogous considerations apply to the intramolecular 
re-arrangements constituting chemical change 

THE FIRST LAW OF THERMODYNAMICS 

The first law of thermodynamics is simply a special case 
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of the general law of the conservation of energy We know 
that the energy content of an isolated mechanical system is 
constant, though its form may change The energy of a 
pendulum bob, for example, is wholly kinetic at the instant 
when it passes through the equilibrium position, and wholly 
potential at the end of a swing, and the kinetic energy which 
it possesses m the one case is equal to the potential energy 
which it possesses m the other 

Now let us consider what happens when two equal, com¬ 
pletely inelastic masses moving with equal and opposite 
velocities impinge directly Both are brought to rest, their 
kinetic energy disappears and the masses get hot This 
means that their molecules have gained kinetic cneigy, and 
since the masses have probably expanded owing to the rise 
m temperature the molecules have gained potential energy 
as well It is clear mechanically that the loss of kinetic 
energy of the two masses must be equal to the sum of all 
the kinetic energies and the potential energy gained by the 
individual molecules, so that the amount of heat produced 
will be quantitatively eqmvalent to the amount of mechanical 
energy which has disappeared 

The matter would be exceedingly simple if we had duect 
cognisance of the molecular velocities and knew all about the 
molecular attractions, but, since direct knowledge on these 
points is not available, we are obliged to make use of an 
empirically determined quantity, the Mechanical Equivalent 
of Heat This is the ratio of the mechanical energy, measured 
m the appropriate mechanical units, which disappears to the 
amount of heat produced, measured in the conventional heat 
units, eg m calories, a calone being the quantity of heat 
required to raise the tempexature of a gram of water from 
15 0 to 16 0 C The experimental determination of this ratio 
is described m all elementary text-books of physics One 
calorie is equivalent to 4 184x10 7 ergs 

HEAT AND TEMPERATURE 

Wp have seen that m terms of the dynamical theory the 
heat added to a body is the increase m kinetic and potential 
energies of the molecules Heat may be added to a body 
with or without causing its temperature to rise When latent 
heat of vaporisation is absorbed, it is employed m overcoming 
molecular attractions, and therefore increasing the potential 
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energy of the molecules without neccssanly influencing their 
kmetic eneigy The temperatuio of the system docs not 
change although heat is absorbed Similarly, when latent 
heat of fusion is absorbed the molecules of a oolid body cease 
to be definitely orientated with respect to one another, that 
is to say, their points of maximum attraction are no longer 
at the minimum distance fiom one another, and there is thus 
an increase m potential eneigy The latent heat absorbed 
is mainly utilised in bringing about this increase of potential 
energy due to de-oncntation, although theie may be a further 
change m potential energy due to actual change m the distance 
apart of the molecules, which will be positive or negative 
according as there is an increase or a dcuease in volume on 
fusion The mam point is, howevei, that there is not neces- 
sanly a change in kinetic energy. Fusion and vaporisation 
are necessarily associated with changes in the potential energy 
of the molecules, therefore, but not with changes m kmetic 
energy, moreovci, both may occur at constant temperature 
It appears plausible, therefore, to suppose that while heat 
comprises the total energy, temperature is m some way only 
dependent upon the kmetic energy of the molecules We 
shall see that this supposition is correct. 

The idea of temperature now requires a little more dis¬ 
cussion. We have so far used the term without definition 
because everybody has a working knowledge of what tempera¬ 
ture means, and formal definitions tend sometimes to obscure 
rather than clarify 

Scales of temperature have been devised to give precision 
and reproducibility to the primal jly sensational qualities of 
hotness and coldness We know for example that a gram of 
mercury when surrounded by melting ice occupies a smaller 
volume than when surrounded by boding water We are 
also aware that ice is ' cold ’ while boding water is ' hot,’ 
and agreeing to take the temperature of melting ice and 
that of boding water as fixed points on a scale, le o" and 
ioo° C, we decide that the tcmperatuie of bodies of inter¬ 
mediate ‘ hotness ’ shall be measured by the volume which 
the mercury assumes when placed m contact with them 
This is of course m principle a perfectly arbitrary scale, but 
since several arbitrary scales established in this way lead to 
approximately concordant results for temperature measure¬ 
ments, one is justified in placing some degree of confidence 
in them 
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One of the most satisfactory of the practical scales, namely, 
the perfect gas thermometer scale, turns out also to be very 
interesting theoretically because it leads us to a simple 
physical interpretation of temperature In the constant 
volume gas thermometer increase of temperature is measured 
by the increase of pressure of a constant volume of a gas 
which obeys Boyle's Law as closely as possible We fmd 
that gas thermometers of the same volume which are filled 
to the same pressure with different gases at the temperature 
of melting ice will also register the same increased pressuies 
when immersed simultaneously m a bath of hot liquid (pro¬ 
vided small corrections be made for the deviations of the 
gases from Boyle's Law), so that the gas scale is independent 
of the nature of the gas 

The idea which we are most readily able to grasp is that 
of equality of temperature of two bodies We will therefoie 
proceed by endeavouring to ascertain what physical condition 
determines equality of temperature. When bodies have the 
same tempeiature there is no flow of heat from one to the 
other if they are placed in contact. Two gas thermometers 
adjusted at the temperature of melting ice to give the same 
reading have always the same temperature when they indicate 
the same pressure In other words, the temperature of a 
gas which obeys Boyle's Law is proportional to its pressure. 
We must therefore find out what property of the molecules 
of a gas it is which increases in direct proportion to the 
pressure 

The pressure exerted by a gas according to the kinetic 
theory is due to the bombardment of the walls of the contain¬ 
ing vessel, and is numerically equal to the change of molecular 
momentum per unit area m one second. 

If n is the number of molecules contained in one cubic 
centimetre, m, the mass of a single molecule, and the 
average value of the square of the velocity of the individual 
molecules Then it is easily shown that p, the pressure, is 
given by the equation 

p—\nmu 2 . 

If now equal volumes of two gases exert the same pressure 
we have p^in 1 m 1 u 2 ^=in 2 m 2 u 2 2 , and in accordance with the 
gas scale we say they have the same temperature 

Let us now assume Avogadro's hypothesis, as we are 
justified in doing on chemical grounds This states that at 
the same temperature and pressure equal volumes of gases 
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contain equal numbers of molecules, le w 2 , so that 
m l u l 2 =m 2 u 2 2 , or \m x u^=\m 2 u 2 2 The me£m kinetic energies 
of molecules of different gases at the same temperature are 
equal, and this is the condition that there shall be no flow 
of heat from one to the other 

For the sake of simplicity we have assumed Avogadro’s 
hypothesis on no grounds other than purely chemical ones, 
but this assumption would not have been necessary if we had 
been prepared to make a rigorous analysis 

It may indeed be shown on the principles of the kinetic 
theory that the condition that there should be no transfer 
of molecular energy from one gas to another is that the 
average kinetic energies of the molecules of the two gases 
should be equal It should be realised that this is not self- 
evident without the introduction of Avogadro's hypothesis 
Still less evident is the general proposition regarding the 
condition that there shall be no ti ansfer of molecular energy 
between two bodies which are not perfect gases Before 
discussing this we must briefly consider the various types of 
molecular energy which make up the total heat content or 
internal energy of a body 

In the first place we have the bioad division into kinetic 
energy and potential energy The kinetic energy is partly 
due to the translational motion of the molecules, partly due 
to their rotational motion, and partly to the relative motion 
of the separate parts of the molecules as they vibrate The 
potential energy is partly due to the separation of molecules 
against attractive forces, and partly to their displacement 
from the most stable orientation with their points of maxi¬ 
mum attraction as close together as possible, the intra¬ 
molecular vibrations are likewise associated with potential 
energy Each type of kinetic energy may be resolved into 
three components at right angles to one another, for the 
velocity which determines the tianslational kinetic energy 
may be resolved into three rectangular components, while 
rotational kinetic energy may be split up into components 
about three mutually perpendicular axes of rotation Simi¬ 
larly, each potential energy term may be resolved into three 
components. 

Each component of each type of possible motion represents 
what is called a degree of freedom It is clear that the total 
energy content of a body may be made up m a number of 
different ways according to the types of molecular movement 
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which take place, e g a monatomic gas possesses only kinetic 
energy of translation The specific types of molecular motion 
and of molecular potential energy found in different substances 
in their various states of aggregation are not of immediate 
importance 

What we are now concerned with is the condition for 
fhpr mal eq uili brium between two bodies in contact, or in 
other words, the criterion of temperature equality The two 
bodies, each of which may possess all or any of the types 
of molecular energy which have just been enumerated, are 
to be imagined m contact with one another m such a way 
that energy could be transferred from one to the other by 
collisions between molecules of the one and molecules of the 
other This could happen easily if one body were a solid, 
and the other a gas placed in contact with it If both sub¬ 
stances are m the gaseous state they may be actually mixed, 
but this is m no way necessary They can be separated by 
a conducting wall to which they can impart energy or fiom 
which they can draw it, until their temperatures are equalised 

When a single collision occurs every component of the 
energy of each molecule, translational, rotational, vibratory 
and potential, is altered m a way which could be calculated 
if the exact conditions of impact were known These aie 
not known m the case of any given molecule, but by adopting 
the statistical method, and averaging the results of every 
possible type of collision it may be shown that there will be 
no net transfer of energy from one body to the other if, oil 
the average, each component of each type of kinetic energy 
is equal for the two bodies Thus, for example, if we resolve 
the translatory motions of the molecules of each system along 
three axes, x, y, and z, then the average kinetic energy of all 
the molecules of the first body due to their motion along the 
x axis will be equal to the average kinetic energy of all the 
molecules of the second body referred to the x axis The 
same thing applies to the y and z axes, and analogous 
conditions hold m respect of the various components of 
rotational and vibrational kinetic energy This is the condi¬ 
tion for equality of temperature The kinetic energy is the 
factor which determines temperature, heat which is utilised 
m increasing potential energy is usually of the nature of 
latent heat 

The mechanical principle of eqUipartition of kinetic energy 
among the various degrees of fieedom is thus the basis for 
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the physical interpretation of temperature It is a perfectly 
general dynamical result, but true only on the average for 
large numbers of molecules Indeed, temperature itself has 
no meaning except m its application to a system consisting 
of many molecules A single molecule has no temperature 
The molecules of a gas may have almost any speeds from 
zero up to extremely high values If we wished to call those 
molecules with much kinetic energy ' hot' molecules and 
those with little ' cold ' molecules, then at eveiy temperature 
a gas would have to be regarded as a mixture of f hot' and 
' cold' molecules But the temperature of the gas depends 
upon the average value around which the individual kinetic 
energies are grouped, and it is this average which determines 
the flow of molecular energy to or from the system 
We will endeavour to make the matter finally clear by 
considering two specific cases m which the intimate nature 
of the molecular motions is known We take, for example, 
a gram molecule of argon, and a gram molecule of oxygen 
The molecules of argon execute no motions save translatory 
ones Thus, if m be the mass of a single molecule, n the 
number of molecules per c c , V the volume occupied by the 
gram molecule, and u 2 the average value of the square of the 
velocity, then the total energy contained m the gram molecule 
of argon is \mu 2 xnV 
But the pressure is given by the relation 
ft=lnmu 2 , 
j)V=}nmu 2 xV, 

but fiV~RT by the gas laws, 

where T is the temperatuie given by the gas scale 
Therefore \mu 3 x nV—RT, 

whence \ mu 2 X nV~%RT 

The total energy contained by a gram molecule of argon is 
thus %RT But the velocity of a molecule may be resolved 
along three axes, there arc thus three degrees of freedom. 
The kinetic energy per degiee of freedom is \RT 
By the equipartition principle this must be true of any 
mechanical system each degree of freedom contributes \RT 
to the total energy, m the form of kinetic energy 
The oxygen molecule is capable not only of tianslational 
motion but of rotational motion, which introduces two more 
degrees of fieedom If tho^ axis be taken as that joining 
the two atoms of the molecule, then it is capable of lotatmg 
about they and z axes About the % axis it behaves dynami- 
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cally as a point; being ' monatomic' about the lmc joining 
its two constituent atoms The five degrees of freedom each 
contribute \RT to the total energy of the gram molecule of 
oxygen, which thus amounts to %RT 

The criterion of temperature equality given by the equi- 
partition principle is that the kinetic energy per degree of 
freedom shall be equal for the two gases There is then no 
net transfer of energy from one to the other on mixing But 
since the molecules of oxygen possess five degrees of fieedom 
whilst the molecules of argon possess three only, the total 
energy of the gram molecule of oxygen is greater than that 
of the argon m the ratio of five to three For equal tempera¬ 
tures, therefore, oxygen contains more heat than an cqui- 
molecular quantity of argon 

It will be observed that the temperature T measured on 
the gas scale corresponds with the dynamical requirements 
exactly 

It is proportional to the pressure of the gas The pressure 
is proportional to u 2 , and therefore to the total translational 
energy of the molecules Translational energy corresponds 
always to the same number, viz three degrees of freedom; 
the pressure is therefore proportional to the energy per degree 
of freedom, whether or not rotations and vibrations are also 
executed by the molecules 

The temperatuie of a solid or a liquid is best defined in 
terms of the temperature of the perfect gas—or real gas, 
corrected for deviations from Boyle's law—with which it is 
m thermal equilibrium, neither imparting energy to the gas 
nor receiving energy from the ga& as a result of impacts of 
the gas molecules on the boundary surface 

Apart from a certain practical advantage, this method of 
defining the temperature of solids and liquids avoids diffi¬ 
culties due to certain limitations which the quantum theory 
places upon the application of the eqtupartition principle to 
motions other than translational 

TOTAL INTERNAL ENERGY 

It is clear that unless the molecular mechanics of a body 
are accurately known it will be impossible to ascertain the 
exact fate of any heat it may-absorb From the thermo¬ 
dynamical standpoint, therefore, the more general conception 
of total internal energy is made to suffice If a giam of a 
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substance of constant specific heat a is heated through 0° 
at constant volume, it absorbs Oa calories of heat, and its 
total internal energy is said to increase by that amount If 
the specific heat is variable the internal energy increase is 
JadQ Change of state may intervene m which case the in¬ 
ternal latent heat of the change must be added to the 
specific heat terms Thus, if one gram of a substance of 
which the internal latent heat of fusion is X calories per 
gram, be heated at constant volume from a temperature 
below the melting point, T, to a temperature 0 2 above 
the melting point the change m total internal energy is 



where a x is the specific heat of the solid and <r 2 that of the 
liquid 

These changes have been assumed to take place at constant 
volume If the volume of the system changes a new factor 
intervenes, namely, the external work performed by the system 
As an example, we may take the most familiar case of a 
body acted upon simply by the pressure of the atmosphere 
It such a body expands it overcomes through a certain 
distance the weight of the atmosphere and thus does work 
If, therefore, heat is communicated to it while its volume is 
allowed to increase the whole of the heat will not contubute 
to the increase m internal eneigy, but part will be employed 
m providing the energy required to overcome the external 
pressure 

As a general statement we have therefore 

Heat supplied (Q)—Increase of total internal eneigy-{-external 
work performed (1) 

This is legardmg the matter from the point of view of the 
fate of heat supplied to the body An equivalent way of 
regarding the thing is to consider m what ways a decrease 
m the internal energy of the body may manifest itself. The 
body may simply yield up heat to the surroundings, m which 
event we should have to say that the decrease m internal 
energy was equal to the heat given out On the other hand, 
all the heat may not be yielded up to the surroundings, 
some may be utilised again m doing external work, as when 
a gas expands against external pressure, and m this case we 
should have the statement, which is of course exactly equiva¬ 
lent to the original statement. 
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Decrease in internal energy=Heat yielded up + external 
work performed (2) 

Certain symbols are -conventionally used, namely, 
[ 7 =deciease in total internal energy 
<2=heat absorbed by (supplied to) the system 
^1=external work perfoimed by the system 

Statement (1) thus becomes Q={-U)-\-A, while state¬ 
ment (2) becomes U=—Q+A, or m each case, 

Q=A-U 

This is the form m which the first law of thermodynamics 
is frequently applied 

THE SECOND LAW OP THERMODYNAMICS 

The first law of thermodynamics emphasises the funda¬ 
mental similarity of heat changes and other energy changes 
It is the direct expression of the mechanical theory of heat 
The second law deals with a peculiar limitation to which heat 
changes are subject This may be illustrated by considering 
further the case of the two equal inelastic masses, the kinetic 
energy of which was completely converted into haat after 
collision The mass motion was completely converged into 
random molecular motions, ho energy being lost No energy 
would be lost if the process were reversed, andjfte heat 
motion of the molecules were reconverted into motion of the 
masses as a whole But this involves the unfnmilier event 
of a mass suddenly cooling itself and, starting from rest 
without the application of external force; moreover, looked 
at purely from the standpoint of the kinetic theory ft-is an 
improbable occurrence for the following reasons. 

In each of the moving masses before impact the total 
energy is made up of two parts, one dependent on the internal 
movements of the molecules, the other on the bodily move¬ 
ment of the mass The bodily movement of the mass simply 
means that every single molecule has superimposed on its 
thermal movement an additional directed component equal 
to the velocity of the mass The thermal movement is 
completely random, as many molecules on the average have 
velocities directed in one direction as in the opposite direction, 
so that no visible displacement of the body results, but the 
common directed component manifests itself as the motion 
of the whole body through space 
Then the collision between the two masses takes place. 
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If the masses were elastic the directed components of the 
molecular velocities at the point of impact would simply be 
reversed, and this reversal would be transmitted by molecular 
collisions throughout the masses, so that they would move 
off from one another with their original velocities reversed, 
but the collision being inelastic, the recoil of the molecules 
at the point of impact takes place m all directions, and as 
the result of the subsequent molecular collisions throughout 
the whole body the original directed velocity components of 
the molecules are now distributed m all directions The 
directed components of the molecular velocities become 
inextricably mixed up That is to say, the mass kinetic 
energy is conveited into heat 

Now, clearly, it is one thing to mix up a number of directed 
components and quite another thing to sort them out again, 
just as a pack of cards, arranged in suits and sequences, may 
easily be mixed by shuffling, although no amount of re¬ 
shuffling %$ likely to sort the cards out again 
This is wjiy a body'cannot do work merely by cooling itself 
and remaining otherwise unchanged. The second law of 
thermodynamics rests upon this foundation In one of its 
several forms it states that it is impossible to derive a continuous 
supply of work by utilising the heat of bodies at uniform tempera¬ 
ture , these bodies remaining otherwise unchanged 
The preceding argument might seem at first to imply that 
heat cannot he converted into work at all Reflection shows 
that this is not a just implication If we have a gas confined 
m a non-conductmg cylinder by a piston, and if the pressure 
of the gas is greater than the external pressure, then those 
molecules of the gas which happen to be moving m the right 
direction may communicate some of their kinetic energy to 
the piston and enable it to move outward against the external 
pressure, thereby doing work The gas molecules haying lost 
kinetic energy, the gas is cooled Work has therefore been 
done at the expense of the heat of the gas But the essential 
point to notice is that the gas is changed not only m respect 
of having lost heat, but also m that it now occupies a larger 
volume The case is fundamentally different from that of a 
gas, some of whose molecular kinetic energy is converted 
into mass kmetic energy of the whole gas, the volume remain¬ 
ing unchanged Heat has been converted into work, but 
something else has happened as well This is what we always 
find there are many different devices for the conversion of 
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heat into work, but, whatever the nature of the device may 
be, we always find, as a consequence of the nature of heat, 
that something besides the conversion must happen simul¬ 
taneously , or, m thermodynamical language, there must be 
‘ compensation * In the example ]ust given this compensation 
consisted m the change of volume of a gas, i e the movement 
of the molecules further apart 
When heat is transformed into work we have the equivalent 
of an ' unmixing ' of the molecular velocities, since the work 
gamed might appear m the form of a directed kinetic energy 
of the whole mass of a substance This by itself constitutes 
a change not m accordance with the principles of probability, 
but the ‘ compensation * is usually found to consist m an 
increase m the probability of the actual airangement of the 
molecules m space The arrangement of a given number of 
molecules m a large volume is a more probable state than 
their arrangement m a small volume This may easily be 
realised by reflecting that the spontaneous contraction of all 
the molecules of a gas into, say, one-half of the containing 
vessel would require a combination of hazards m the molecular 
motion which would be exceedingly unlikely to occur Hence, 
the increase m the probability of the arrangement of the 
molecules m space when a gas expands compensates for the 
‘ unmixing' of the molecular velocities which accompanies 
the transformation of heat into work, and which is an 
r improbable' happening 

When we cdfoe to consider Carnot's cycle m Chapter III 
we shall find that by an ingenious series of changes we can 
bring the gas back to its initial volume, and yet gam work 
froin heat But m this case we shall see that the ' compensa¬ 
tion ’ consists m the simultaneous passage of a certain quantity 
of heat from a heat reservoir at a higher temperature to one 
at a lower temperature. H 

By considering the irreversibility of the conversion of mass 
energy into molecular energy, which results from the extreme 
improbability of the random molecular motions all simul¬ 
taneously acquiring a common directed component, we 
arrived at a statement of the second law of thermodynamics 
Exactly the same principle leads to a useful alternative 
statement of the second law, which is as follows Heat 
cannot spontaneously pass from a colder to a warmer body 
For consider two bodies A and B , the temperature of A 
being higher than that of B The velocities of the molecules 



INTRODUCTORY 


17 


of A are greater than those of the molecules of B If the 
bodies are placed m thermal contact their temperatures 
gradually become equal The molecular velocities are now 
no longer divided into two groups, they have become 
* mixed ' Velocities are, m a sense, things just as definite 
as grains of sand, and, just as it is highly improbable that a 
bushel of red sand and a bushel of white sand once mixed 
will ever become separated again by stirring, so it is equally 
improbable that the molecular velocities will ever divide 
themselves spontaneously into two groups again The 
temperatures having become equalised will remain equal 
The passage of heat from a colder to a hotter body means 
that the cold body would get still colder and the hot body 
still hotter, which is exactly the same thmg as the reversal 
of a previous partial equalisation of temperature The 
Second Law states that this does not occur, and is thus 
simply asserting a necessary consequence of the molecular 
nature of matter and the kinetic nature of heat 

LIMITATIONS OI? THE SECOND LAW 

It will be seen that the second law of thermodynamics is 
not absolute There is nothing mechanically impossible m 
the sort of piocess which it rules out The direction of 
motion of individual molecules changes continually m a way 
which, regarding laige numbers of them together, we can 
only describe as random It may so happen that at one 
instant all the molecules of a body chance to be moving m 
the same direction—or, what is quite sufficient, to have a 
common component m one direction The body then moves 
off as a whole Indeed, it is probable that if we only wait 
long enough something of the sort will happen The waters 
of the Red Sea could have divided from natural causes , the 
Pyramids might have reared themselves or the Andes might 
have nsen from the plains at the expense of molecular energy 
But the extreme improbability of any of these occurrences 
is realised when the number of molecules m a gram molecule 
is known to be 6 ixio 23 If we reflect on the number of 
unsuccessful trials which would accompany one successful 
attempt to sort by shuffling the fifty-two cards of a pack, 
no surpnse is felt that the second law of thermodynamics is 
true m practice Calculation shows that a lead weight is not 
likely once in geological ages to rise a mflhmetie from the ground 
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But the validity of the second law depends entirely upon 
the smallness of molecules, and the vastness of the numbers 
contained m all ordinary bodies For systems composed of 
limited numbers of molecules, such as small colloidal pni tides, 
the deviations from the law cease to be inappreciable The 
Brownian motion is a manifestation of the transformation 
of molecular motion into the mass motion of a particle, and 
a violation of the second law The smaller the particle the 
greater the motion There is no sharp line between small 
colloidal particles and complex molecules The Brownian 
movement is at the same time mass motion and molecular 
motion 



CHAPTER II 


APPLICATIONS OF THE FIRST LAW OF THERMODYNAMICS 

THE WORK DONE BY THE EXPANSION OF GASES 

In thermodynamical reasoning we have fiequently to deal 
with the expansion of gases, and to calculate the work 
performed during the expansion 

Let us therefore consider a gas confined m a cylinder fitted 
with a fnctionless weightless piston We can imagine that 
the natural tendency of the gas to expand and push the 
piston out is just counterbalanced by a weight placed on the 
piston 

Let the area of the piston be A, and let the pressure of 
the gas be p x 

Pressure = Force per unit area, therefore the total force 
exerted by the gas on the piston is p X A, and this is equal 
to the weight w x which keeps the piston in equilibrium Let 
the volume now occupied by the gas be zq Suppose this 
weight be replaced by a smaller weight w z , then the piston 
will move upwards and the volume of the gas will increase 
until its pressure falls to a new value p 2 such that p 2 A=w 2 

If the temperature remains constant and the gas obeys 
Boyle’s law, we shall have piVi—p z v 2 , where » 2 is the new 
volume occupied by the gas 

The actual state of affairs at any moment during the 
progress of the expansion depends upon the suddenness with 
which the weight is changed If a sudden diminution of the 
weight occurred the piston would fly upward with some 
speed, the actual speed being greater and greater the more the 
piston approximated to the ideal condition of massless¬ 
ness 

It happens not to be particularly fruitful to consider 
catastrophe changes of this nature , it is more profitable to 
think of the change occurring in a certain well-ordered 
manner which is known as reversible At a later stage we 
shall have to discuss reversible processes m some detail, we 
may, therefore, describe how the expansion of the gas m the 
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cylinder from volume v x to volume i> 2 may be allowed to 
take place reversibly 

Imagine the weight w x to dimmish by an infinitesimal 
amount 8 w, then the volume of the gas will increase by an 
amount 80, and the pressure will fall, in accordance with 
Boyle’s law, to a value p x — %p, provided that the temperature 
remains constant Here A ty= 8 w Now imagine the weight 
to decrease continuously and very slowly, so that at every 
instant the piston has moved into such a position that the 
pressure of the gas has adjusted itself to the exact value 
which Boyle’s law gives for the equilibrium pressure corre¬ 
sponding to the actual volume of the gas At every instant 
of time the pressure of the gas is exactly balanced by the 
weight, except that there is just an infinitesimal excess of 
pressure over the amount required to support the weight 
The system is never removed by more than an infinitesimal 
amount from equilibrium, and if the pressure at any moment 
is plotted against the volume the values will lie on the curve 
given by Boyle’s law Under these Conditions the change is 
said to take place reversibly because by an infinitesimal 
increase in the weight at any instant the movement of the 
piston would be reversed 

In general, any change is said to take place reversibly 
when the driving force exceeds the opposing force by an 
infinitesimally small amount A reversible change is the 
nearest possible approach to the limiting base where driving 
and opposing forces are equal, that is, to a state of equilibiiurn 
Duhem (MCcanique Chimique) desenbes a leveisiblc change 
in these words, “ Une modification rCvei sible est 

une suite continue d’Ctats d’equilibre, hmite commune 
de deux groupes de modifications rdalisables de sens in¬ 
verse ” 

The reversible isothermal expansion of a gas is an im¬ 
portant case because the relation between pressure and 
volume at every point of the operation is known to bo that 
given by Boyle’s law During the sudden expansion ensuing 
upon a finite reduction of pressure the relation between 
pressure and volume at any instant is quite aibitrary, 111 
this case the work done during the expansion cannot lie 
calculated, because, as we are about to see, this cah ulation 
depends upon a knowledge of the equation conned mg 
p and v 
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CALCULATION OF THE WORK PERFORMED IN THE ISOTHERMAL 
REVERSIBLE EXPANSION OF A PERFECT GAS 

Let the pressure be p, the volume v> and the area of the 
piston A 

Total force on piston —pA 

If the piston moves outward through a-distance dx, the 
work done=force x distance =pA dx. 

Adx~c hange m volume 
Work don e=dW=pdv 

For expansion between the finite limits v x and v 2 we have 



To integrate this we must know the relation between 
p and v. 

Smce the change is reversible the pressure and volume at 
every point are the equilibrium values, that is, they are given 
by Boyle's law 

pv~k§, 


v a 



=k0 la In 

H P* 

since 0 is constant 

In stands for the logarithm to the base e 
The actual value of k depends of course on the quantity of 
gas taken Since one giam molecule of all gases under the 
same conditions of temperature and pressure occupies the 
same volume, k will be the same for all gases if we consider 
m each case a giam molecule of the gas In this case the 
conventional letter to use is R. 

We have thus, that when a gram molecule of any gas 
expands from volume v 1 to v 2 the work performed is 

i?ete - 2 

For n gram molecules the quantity is n RQ In — 

° v i 

The numerical value of R may be calculated as follows 
i gram molecule of any gas which obeys the laws of ideal 
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gases occupies a volume of 22 4 lities at 0° C and a pressure 
of 760 mms of mercury 
o° C on the absolute scale = 273 1° 

A pressure of 760 mms of mercury = weight of a column 
76 cms in height exerted on an area of 1 square centimetre 
=76 X13 59 grams weight per square cm 
=76x13 59x981 dynes per square cm 
Thus ^=76 x 13 59 X 981 dynes per square cm , 

22,400 c cs , 

0=2731, 


„ -bv 76x1359x981x22,400 . 

whence R=*~ -- 3 - er gs Per degree, 

■° 76X 2 73iX4S ' xl^ ~ Cal0 " CS dc6, “' 


=1 98 calories per degree 


The mechanical work performed when a gas expands 
against an opposing pressure might be derived fiom one or 
both of two sources—the internal energy of the gas, and the 
heat which it absorbs from its surroundings during the process 
of expansion But it has been shown by Joule that the 
internal energy of a perfect gas is independent of the volume 
it occupies and, therefore, of the pressure. This was proved 
by allowing a gas to expand from a vessel at known pressure 
into a vacuum No work is performed in this process since 
there is no opposing force to be overcome, but the volume of 
the gas increases and its pressure diminishes If the internal 
energy changed there would have to be an absorption or 
evolution of heat, since, there being no external work, any 
change m the internal energy of the gas could only manifest 
itself m the form of heat But actually no heat is absorbed 
or given out, and no temperature change is observed when the 
expansion mto a vacuum takes place m well-insulated vessels. 
The Joule experiment thus leads to the conclusion that the 
internal energy of a perfect gas is independent of the 
volume 


This result is to be expected according to the kinetic 
theory, for in a gas which satisfies Boyle's law the atti active 
or repulsive forces between the molecules are small enough 
to be neglected, and therefore no work is done against internal 
attractive forces—or by internal repulsive forces—when the 
gas passes into a greater volume When, therefore, expan¬ 
sion takes place against external piessure, the woik performed 
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must be derived from the heat of the surroundings This 
heat is absorbed continuously by the gas during the process 
of expansion If the gas were insulated from the surroundings 
the expansion could not take place isothermally at all and the 
gas would cool During an f adiabatic * expansion against 
an opposing pressure, that is an expansion dunng which the 
gas is thermally insulated, cooling actually takes place 
During the expansion of a perfect gas from volume v x to 
volume v 2 , at constant temperature, we have, then, that the 



place reversibly, and that this work is equivalent to the heat 
absorbed from the surroundings If the surroundings cannot 
supply the heat at the necessary rate, then it simply means 
that the expansion cannot take place isothermally It may 
be instructive to describe the process m terms of the kinetic 
theory, because thermodynamic processes tend to appear 
unreal and purely formal unless constantly regarded from 
this standpoint Certain of the gas molecules collide wilh 
the piston, yielding up some of their kinetic energy and 
pushing it outward against the opposing force As a result 
the mean kinetic energy of the molecules tends to decrease 
and the temperature to fall If no heat is supplied fiom 
without the temperature falls continually as more and more 
of the kinetic energy of the molecules is yielded up in col¬ 
lisions with the piston This corresponds to the adiabatic 
expansion If the walls of the containing vessel are con¬ 
ducting and are maintained at constant temperature, 1 e if 
the average kinetic energy of their molecules is maintained 
at a certain level, the gas molecules regain their lost kinetic 
energy by collision with the walls This is the isothermal 
process, where the energy needed to force back the piston is 
ultimately denved from the surroundings 


THE SPECIFIC HEATS OF GASES 

So far the processes considered have concerned expansion 
against a regulated external pressure, and the heat absorption 
has merely kept pace with the requirements of the system 
for the maintenance of constant temperature We will now 
consider what happens when a given quantity of heat is 
put mto a gas, and other things are left to adjust themselves 
accordingly 
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Two important cases arise 

(I) The volume of the gas is maintained constant In 
this case there can be no external work performed, and the 
heat is simply utilised m raising the temperature of the gas 
The quantity of heat required to raise the temperature ol a 
gram molecule of gas dfi° at constant voluifie is C „<20 where 
C* is the ' Specific heat at constant volume ’ It represents the 
increase per degree of the internal energy of the gas 

(II) The gas is allowed to expand against a uniform external 
pressure Heat will in this case be utilised m performing 
external work, so that to raise the temperature of one gram 
molecule of the gas <20 degrees a larger amount of heat than 
before is required, C v db, where C v is the specific heat at 
constant pressures 

The difference between C v and C v may be measured experi¬ 
mentally The value will be expressed m thermal units 
The mechanical work upon the performance of which this 
difference depends may readily be calculated m mechanical 
uni ts By comparing the two values the mechanical equiva¬ 
lent of heat may be found Tins calculation was pel formed 
by Julius Meyer, and was the first determination of the 
mechanical equivalent. 

tVhen a quantity of heat C„ is given to the gas at constant 
pressure let the volume increase by an amount dp The 
external mechanical work is pdy This is not performed when 
the heat is added at constant volume Therefore 
C^dG—C v dG+pdv 

But pv—RQ, 

RdG 

or, since p is constant pdv—RdQ in mechanical unit~ m 
thermal units 

Therefore C s < 26 =C,< 20 +~> 

r r — R 
jf 

For all gases which behave in approximate accordance with 
Boyle's law the difference between the two specific heats is 
found to be i 98 calories 

R is known in mechanical units, whence J may fee 
calculated 

The best value of J from direct experiment is 4*184 xio 7 
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ergs per calorie, so that by a converse method of calculation 
C v —Cv may be found 

In order to simplify equations it is customary to omit the 
factor J y and to take it for granted that all the quantities are 
expressed m the same units, either all m mechanical units or 
all m thermal units 1 


THE EQUATION OF AN ADIABATIC TRANSFORMATION OF A 
PERFECT GAS 


It is required to find the relation between the pressure and 
volume of a perfect gas, to which no heat is added and from 
which no heat is removed 

We considei the fate of a quantity dQ of heat added to the 
gas Some of it may go to raise the temperature, or m other 
words, to increase the internal energy of the gas , the rest is 
utilised m the performance of work by expansion against 
the external piessure Expressing this by an equation we 
obtain dQ^C v dQ+pdo u (1) 

which is a perfectly general relation 

For an adiabatic transformation dQ— 0, and thus 

C v dQ-\-pdv —0 (11) 


Any external work is performed at the expense of the 
internal energy of the gas itself 

Equation (1) regards the total change as made up of two 
parts, which, when both are infinitesimally small, may be 
regarded as independent These are, namely, one m which 
the internal energy increases by C v dQ, the volume remaining 
constant, and one m which expansion takes place at constant 
temperature with performance of work pdv 

We are seeking a relation between p and v Therefore, 
dQ must be eliminated All possible values of p, v> and 0 
aie connected by the relation 

pv—RQ 


Differentiating this 


therefore 


pdv + vdp—Rd 0, 

j9 _ P dv + vd P 


We replace dQ by this value and obtain from (11) 

c ^ dv + v M +tdv =o 
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We have already proved that^ 

therefore C v {pdv -\-vdp )+(C x C v )pdv—o, 

C V pdv+C v vdp —o 
C P du dp 
C v v p 

Integrating CJC V lnv+lnp=constQ.nt 

C v jC v is usually denoted by y 

Thus, Y In u+ln constant, 

or pi v=constant 

HEAT OF REACTION AND ITS VARIATION WITH TEMPERA1URE 

The term heat of reaction is here taken in the most general 
sense, and includes the different kinds of latent heat, such as 
latent heat of fusion, vaporisation, and allotropic change, as 
well as the heat changes which accompany purely chemical 
reactions 

It will be well first to dear out of the way an extraneous 
factor which complicates all considerations of heat of leaction. 
If a system suffers a transformation accompanied by an 
increase of volume, work is done m overcoming the external 
pressure A claim is thus made on the thermal resources of 
the system, which diminishes a positive heat of reaction, and 
makes a negative heat of reaction still more negative When 
the reaction is accompanied by a decrease in volume, the 
converse holds good It is inexpedient always to introduce 
this factor into equations because it complicates them un¬ 
necessarily, but it must always be remembered and allowed 
for For example, the reaction 2H 2 +0 2 —2lI 2 0 is accom¬ 
panied by the evolution of a large quantity of heat, and the 
volume decreases by V litres for every two gram molecules 
of steam formed, if the pressure remains constant V is the 
volume occupied by a gram molecule of any gas The woik 
done on the system by the atmospheric pressure—assuming 
that to be the constant external pressure—is 
fpdv—pfdv=pV=RO 

Expressedm thermal units this is approximately 20 calouts. 
The heat evolved in the reaction is therefore greater by tins 
amount than it would have been if the reaction took place 
at constant volume. 

In general, to find the heat of reaction at constant pressure, 
it is necessary to add f?0 calories to the heat of reaction at 
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constant volume—taken as positive if heat is evolved —for 
every gram molecule of gas which disappears m the reaction, 
and to subtract Rd calories for each gram molecule which 
appears 

In what follows, heat of reaction will be assumed to be 
corrected for the external work due to any volume changes 
accompanying the reaction 

It is important to realise that if a substance A is chemically 
transformed into R } with the evolution of a quantity of heat 
U per gram molecule, then the internal energy of a gram 
molecule of A must exceed that of a gram molecule of B by 
an amount U That we are frequently—or indeed almost 
always—ignorant of the precise nature of the respective 
internal energies of A and B does not make this statement 
any the less definite and exact 

The vapour phase of a substance changes into the liquid 
phase with evolution of latent heat X per gram molecule; 
X being taken as the latent heat corrected for the external 
work due to change m volume, that is to say, X is the' internal' 
latent heat This means that the vapour possesses an internal 
energy greater than that of the liquid by X calories per gram 
molecule This difference, as we have already seen, repie- 
sents the potential energy of separation of the molecules m 
the vapour phase, due to the attractive forces Monochmc 
sulphur changes into rhombic sulphur with evolution of heat. 
Here there is a change of potential energy due to the change 
in the distance apart of the molecules m passing from one 
form to the other, and a more complicated change m potential 
energy due to the different orientation of the molecules m 
the new form There may also be changes m the number of 
sulphur atoms in the molecule, or unit of crystal structure, 
and the potential energy changes associated with this are 
even more difficult to predict Nevertheless, the evolution of 
heat which accompanies the passage from the monochmc to 
the rhombic form shows that monochmc sulphur has a higher 
internal energy than rhombic sulphur by an amount precisely 
equal to the heat of transformation (always corrected for 
external work) 

If a gram molecule of the substance A be heated through 
dQ degrees its internal energy increases by C A dQ, where C A is 
the molecular heat of 'A Similarly when a gram molecule of 
B is heated through the same range its internal energy m- 



28 THERMODYNAMICS FOR STUDENTS OF CHEMISTRY 

creases by C s dQ C A and C„ m general are different Suppose 
C A to be greater than C B This means that as the tempei ature 
rises the internal energy of A increases more lapidly than 
that of B, or the total internal energy of A increases relatively 
to that of B At the higher temperature, therefore, more 
heat will be given out when A passes into B Ilian at the lower 
temperature, or the heat of reaction increases with tem¬ 
perature 

We have at temperature 0 , 

Heat of reaction= £ 7 =Internal energy of - 1 —Internal 
energy of B 

At temperatuie 0 +^ 0 , heat of reaction— U+dU, 

iU**(C A -C B )d0 9 

dU 

or 

If several substances react to form seveial othas the 
value of becomes 

2 specific heats of reacting substances—2 specific heats of 
products 

Thus, if the chemical change be represented by the equation, 
fiiA 2"f~ — B-y -f ^2 | 0 cals 

r —HiCb l ~#8 'Cl* 


dQ 


A sum of terms such as these is usually ri piesented simply 
by writing -jg-===2/iC 


THE LAW OF CONSTANT HEAT SUMMVHON 

This well-known chemical law now requires little dis¬ 
cussion From what has been said it is obvious that the 
heat of combustion of solid sulphur to gaseous sulphur 
dioxide must be equal to the heat of combustion of sulphur 
vapour to sulphur dioxide less the heat absorbed whim solid 
sulphur is converted into vapour Thus 

•Ssoitd—^vapour ^ (absorbed), 
5 vafJOUr + 0 2 : ==S 0 2 + V (evolved) 

Adding these two steps 

isoUd+02 =: ^2+ V^'k 
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Expressed m words, whether we burn solid sulphur or 
sulphur vapour the product is the same and contains the 
same amount of energy The oxygen used is the same m 
each instance To vaporise solid sulphur heat must be 
supplied Sulphur vapour has therefore more internal 
energy than solid sulphur When it burns to the same 
product this excess must be liberated The heat of combustion 
of sulphur vapour is thus greater than that of the solid by 
the same amount that the internal energy of the vapour is 
greater than that of the solid 

It is assumed that all heat terms are corrected to constant, 
volume m the simple way explained above 
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THE SECOND LAW OF THERMODYNAMICS AND CARNOT’S 
THEOREM 

Consideration of the nature of heat led us to two alterna¬ 
tive statements of the Second Law of Theimodynamics 
In one form the law states that it is impossible to obtain work 
by abstracting the heat from a body and cooling it below the 
temperature of its surroundings, the body being otherwise 
u nchang ed The alternative form states that heat cannot 
pass spontaneously from a colder to a warmer body. 

In the course of this chapter further illustrations will be 
given of the significance of these principles Some general 
remarks on the manner in which the Second Law is applied 
and developed are desirable at this point 
Though fundamentally connected with the kinetic theory 
the Second Law was accepted as the result of experience, 
and its consequences were developed without reference to 
this relationship It was realised after much fruitless devising 

and the exercise of much unrewarded ingenuity that all pro¬ 
cesses for_the utilisation of the heat of the sunoundmgs to 
obtain a continuous supply of mechanical work weic just as 
much foredoomed to failure as the cruder kind of scheme 
for obtaining mechanical work at the expense of nothing 
at all In other words, ‘perpetual motion of the second 
kind ’ is just as unattainable as ' perpetual motion of the 
first kind ’ To recall an oft-quoted example, a ship cannot 
be propelled through the ocean at the expense of the heat of 
the ocean, vast as this supply may be 
This principle having been accepted, a number of remarkable 
results may be inferred from it by purely logical processes, 
and without further data or assumptions For instance, 
from the Second Law may be found, not only qualitatively, 
but quantitatively the influence of temperature on the 
equilibrium constant of a gaseous reaction, the influence of 
temperature on the vapour pressure of a liquid, the relation 
between the freezing-point lowering of a dilute solution and 
the osmotic pressure, and innumerable other results All 

30 
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these relations might be deduced directly from the kinetic 
theory if we had sufficient knowledge of the molecular 
mechanisms involved, and m some cases can actually be 
derived m this way But m other cases results can be 
obtained from the second law concerning phenomena the 
mechanism of which is too obscure to admit of direct analysis 
Often, indeed, calculations on the basis of the kinetic theory 
are too difficult to carry out Having, therefore, arrived at 
a general principle which is confirmed by direct experience 
there is every reason to exploit its consequences to the 
utmost 

Historically, this was done before the essentially kinetic 
basis of the Second Law was realised We shall see how 
the abstractly thermodynamic mode of procedure and the 
kinetic theory come into contact again more clearly when we 
consider the subject of entropy 

One is struck almost immediately, however, by the fact 
that the Second Law seems to be a principle so general and so 
negative as to elude that mathematical expression which is 
necessary for the making of quantitative deductions The 
steps by which quantitative application of the Second Law 
is made to the problems of chemistry and physics are indeed 
a little recondite and indirect and requne to be followed 
carefully 


I We begin by considering a certain senes of operations 
carried out under ideal conditions with a perfect gas, by means 
of which heat is converted into work The gas is made to 
constitute an ' ideal heat engine ' and the senes of operations 
constitutes what is known as Carnot's cycle, after the French 
engineer Camot to whom the investigation is due 

A perfect gas is contained m a cylinder fitted with a friction- 
l&Ss piston Let pressure and volume be p lt v v represented 
by the point A on the diagram, where pressures are plotted 
as ordinates, and volumes as abscissae The temperature is 
0 X , The following operations are earned out 
(1) The gas is allowed to expand isothermally and re¬ 
versibly at 0! until its volume has increased to and its 
pressure has fallen to The new state is represented by 
the point B on the figure 


An amount of work has been 


performed equal to / pdv , 
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this definite integral is represented by the area APBQ, where 
P and Q are the projections of A and B respectively on the 
v avis This work has been performed at the expense of an 
amount of heat Q v absorbed by the gas from its surroundings 
(or let us say for simplicity from a reservoir at temperature 
0J It is important to realise that this is in no way contrary 
to the second law, which only states that work cannot be 
derived from the heat of a body at constant temperature 
the body remaining unchanged in other respects. In the case 



we are considermg the heat of the gas, replenished by heal 
taken from the surroundings, has been converted into woik, 
but the gas now occupies a greater volume As we have 
seen, this does not involve the improbable ' unmixmg' of 
molecular velocities, which would only have to be assumed 
if the gas m some way performed work at the expense of 
its heat, and replenished this heat by absorbing more from the 
surroundings, its volume remaining unchanged all the while 
(u) The gas is allowed to expand adiabatically, so th.vt its 
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pressure falls to p z and its volume increases to v 3 , represented 
by the point C The work performed during this expansion 
is given by the area BCQR , and since the gas is insulated from 
its surroundings its temperature will have fallen to 0 2 
Here again work has been obtained at the expense of the 
heat energy of the gas, but the gas itself has undergone a 
' compensating' change 

(in) Let us imagine the gas now placed m thermal communi¬ 
cation with a heat reservoir at temperature 0 2 , and compressed 
isothermally until the point D is reached where its pressure 
has increased to and its volume diminished to t/ 4 The 
point D is not selected arbitrarily as B and G were, but is 
the point at which the adiabatic curve through A cuts the 
isothermal CD through C. Work has been performed on 
the gas during this compression, m amount equal to the area 
CDSR, and an equivalent amount of heat has been pro¬ 
duced m the gas and yielded up to the surroundings This 
process, involving the conversion of work into heat, is subject 
to no restrictions connected with the second law 

(iv) Finally, the gas is compressed adiabatically along DA 
until its temperature rises to the original value 0 X , and its 
pressure and volume return to the original values p 1 and 
During this process work is performed on the gas represented 
by the area DSP A 

The gas has now returned m every respect to its original 
state, temperature, pressure and volume havmg assumed 
their initial values. The gas is said to have traversed a 
cycle along the path A BCD —the ‘ path' m this instance 
being the curve giving the relation between pressure and 
volume at each point of the cycle During the cycle the gas 
has performed work represented m amount by the sum of 
the areas APQB and BQRC, and has had performed on it 
work represented by the sum of the areas CRSD and DSP A 
The net work performed by the gas is therefore represented 
by APQB+BQRC—CRSD—DSPA =ABCD 
The work performed during the cyde is thus represented 
by the area enclosed by the path, which is obvious when it 
is remembered that the work performed is given by ffidv 
Work has been performed, at the expense of the heat of 
the surroundings since the gas has regained its original 
temperature, the pressure and volume of the gas are un¬ 
changed Where is the compensation which the second law 
asserts to be inevitable ? It consists m the passage of heat 
3 
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from the reservoir at 0! to the reservoir at the lower tempera¬ 
ture 0 a , which came about because the heat which the gas 
drew from the high temperature reservoir during its expansion 
along AB was partly returned to the low tcmpei ature i eser voir 
during the compression CD Along BC and DA nather 
absorption nor reaction of heat took place Along AB an 
amount of heat Q x was absorbed from a reservoir at the 
temperature 0 *, and along DC an amount of hc.it (A was 
rejected to a reservoir at 0 2 An amount of heat Qi~Q t 
was converted into mechanical work during the cycle The 
condition of the gas at the end of the cycle was unaltered 
An amo unt of heat Q 3 passed from the reservon at 0! to the 
reservoir at 0 2 

It will be observed that for work to be pel funned in the 
cycle 0 2 must be lower than 0 X , if we tried to bung the gas 
back to its initial condition by compression at 0 X , so as to 
return Q 2 to a source at the original temperature, we should 
simply retrace the path BA and the net woik pci formed in 
the cycle would he zero The possibility of deriving work 
from the cycle depends essentially on the fact that the 
pressure exerted by a gas is cefcns paribus* smaller the lower 
the temperature (because the velocity of the molecules is 
less), and therefore an expansion which takes place at a 
higher temperature can be reversed at a lower temperature 
with less expenditure of work Reversal of the isothermal 
process at a lower temperature enables us to take the gas 
back to its original state without completely cancelling the 
work done m the first expansion, but it means of course that 
the heat rejected by the gas during the compression must 
ipso facto be yielded up to a body at this lower tempera tuns 

By the isothermal expansion of the gas we could obtain 
work at the expense of the heat reservoir, but we should have 
to allow the gas to change its volume. If we wish the gas 
itself to be unchanged, we must carry out a cycle, and, if a 
net supply of work is to be derived from tins, passage of heat 
from a warmer to a colder body is inevitable. 

We have just seen that this condition follows simply fiom 
the nature of a gas It ultimately depends upon the fact 
that gas pressure falls with temperatuie, and is thus an 
indirect consequence of the proportionality between tempera¬ 
ture and kinetic energy 

Realising that work cannot be derived from Carnot's 
cycle unless there is a simultaneous passage ol heat fiom a 
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body at a higher temperature to one at a lower temperature, 
we are now m a position to consider the next important step 
towards the application of the second law of thermodynamics 
This step is the introduction of a function known as the 
thermodynamic efficiency of a process 

II In Carnot's cycle the only heat absorbed is the amount 
Q x , taken m by the gas from the reservoir at 0 X 

Let us regard the aim of the cycle as consisting m the 
transformation of the maximum possible fraction of this 
heat supply into ■work 

The amount actually transformed into work was (?x— 

Q 2 had inevitably to be rejected at the lower temperature 
The thermodynamic efficiency of the cycle is defined as 
<2x—@ 2 _Heat transformed into work^ 

Ql Heat drawn from supply 

It will be proved shortly that 

Q x— Q2 _—^2 

Qi ~ 

III. Carnot's cycle is earned out with a perfect gas Similar 
cycles, consisting of isothermal and adiabatic expansions, 
can be earned out with other substances, including solids 
and liquids The smallness of the volume changes in the 
case of solids and liquids does not affect matters m pnnciple 

The isothermal expansion can be made to consist m the 
change of state of one of the substances, for example fusion 
with increase of volume In such a case Q x would be the 
latent heat 

Any anangement for carrying out such a cycle constitutes 
what is called a ‘ heat engine/ and every such heat engine 
could be made to operate between defined temperature 
limits We shall see several examples of the operation of 
such processes shortly The practicability of the devices 
used is a quite irrelevant matter 

IV. We now arnve at the most important step m the 
argument Carnot proved that all reversible ‘ heat engines * 
have the same thermodynamic efficiency 

Before giving Carnot’s proof it is desirable to illustrate the 
importance of this theorem Let the ‘ heat engine ' operate 
m the following way, having as working substance 1 gram of 
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a solid of which the melting point is 0 under a pi assure p } 
and having a latent heat of fusion / Ihe fast stage m the 
cycle is the isothermal liquefaction of i giam of the solid at 
temperature 0 and undei the pressure p It is allowed to melt 
and absorb the requisite latent heat from the lieat rcseivoir. 
The volume increases fiom zq to v 2 , where v x is the spccihc 
volume of the solid, v 2 that of the liquid Ihe ( \temal work 
performed is p(v% —zq)> since the picsstuc remains constant, 
the amount of heat absorbed is l 

Secondly, the liquid is gradually cooled to a lovei tem¬ 
perature 0—A0 where the solid and liquid phases aie m 
equilibrium under a different piessuie p—Ap (inciting point 
—l e temperature at which solid and liquid axe m equi¬ 
librium—varies with the piessuie) During this cooling the 
pressure is adjusted at every instant to the eqmhbimm value, 
an amount of heat c^AO is given out, wheie cj^speuhe heat 
of liquid 

Thirdly, the liquid is caused to solidify under the new 
equilibrium pressure ip—Ap), by the giadual wilhchawal of 
heat into a reservoir at 0—A0, v line by an amount of heat 
Z— Al is rejected and external w r ork {p—Ap) [v 2 ~ <q) is per- 
foimed on the system In calculating Liu work we neglect 
the small vanation with tcmpeiatun in (e 2 - iq) 

Finally, the sohd is warmed up to the original melting 
point, the pressuie is restored to the ongmal value , <y A 0 is 
absorbed 

Since a AO and <y,A0 aie both small compand with /, 
their difference may be neglected m eompanson wuh /, and 
we have for the heat absorbed m the cycle /, at a tempcxatuie 
0, and for the net work performed 

(»*-»,) *-(«'» -t'j) up 

The thermodynamic efficiency of the piou i s earned out 
is therefore —— 

and the temperatuie limits are 0 and 0 - AO The imj ox fame 
of Carnot’s theorem now becomes evident, we can (quale 
the above value to the value we found fox the efficiency of 
the perfect gas cycle between the same tompciafure limits, 
since all reversible ‘ heat engines ’ have the same efficiency 
The efficiency of the perfect gas eye le would be 
6—( 0 -A 0 ) AO 
0 0 
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or 


Whence we have ^(i/ 2 —w x ) = 

AO_ 0 (v 2 — z/ x ) 

A^ / 

This is an important relation connecting the change of 
melting point with pressure, the latent heat of fusion, and the 
difference between the specific volumes of the two phases 
This relation could not have been arrived at without the 
aid of the theorem stating that all reveisible heat engines 
have the same efficiency We therefore pioceed to prove this 
theorem 

proof of carnot's theorem 


The theorem is established by showing that if all rever¬ 
sible engines had not the same efficiency when working 
between the same temperature limits then the Second Law 
of Thermodynamics would be untrue 

Let an engine A have a greater efficiency than another 
reversible engine B working between the same temperature 
limits 0 X and 0 2 Although the efficiencies are assumed to 
be unequal, the two engines may be arranged so that equal 
amounts of work are performed m a cycle of each merely by 
adjusting m an appropriate way the amounts of substance 
taken, that is by making the less efficient engine relatively 
larger Let the two engines be coupled together so that the 
more efficient one works the less efficient one backwards, 
1 e one expands and does work on the other at the higher 
temperature, and vice versa at the lower temperature During 
each complete cycle A , the more efficient, draws a quantity 
of heat <2i from a source at the higher temperature 0 X , and 
rejects Q 2 at 0 2 , while B } the less efficient, which is being 
driven backward, rejects Q x at 0 X and absorbs Q 2 ' at 0 2 
Were it working direct it would of course absorb Q x at 6 X 
and reject Q z f at 0 2 

Since the engines are arranged to perform equal amounts 
of work m a complete cycle, B m being driven backward 
requires just the amount of work which A can supply No 
work is therefore available for external use; nor, howevei, 
is any required to keep the combination just m action We 
have 

(?i“(?2(= wor k performed by A)~Q x ~Q 2 '(==woik performed 

on D) 
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But 


Ql~Q2^Ql'~Q 2 

Ti > ~Qi 


since A is more efficient than B. 


Therefore Qi>Qi 

and Qz>Qz 

Q x —Q x is therefore positive Q x is the heat winch B 
gives to the high temperature source, and Q x is the heat 
which A takes from the same source Theiofoio a net 
positive quantity of heat Qi'—Qi has been jielded to the 
high temperature source 

Also Qz'-Qz ls positive This represents the excess of 
the heat taken by B from the low temperature source of heat 
over that returned by A to the same source 
As a net result of the cycle, therefore, heat lias hi c n i emo\ c cl 
from a body at a lower temperatuie and yielded up to a body 
at a higher temperature, while no woik has been pci formed 
on the system which, moreover, is m exactly the same state 4 
at the end of the cycle as at the beginning This is not m 
accordance with the second law of thermodj, naimi s We 
must therefore conclude that it is impossible to fmd two 
reversible engines with different efficiencies, and that Cm Lot’s 
theorem is true. 

It should be noted that the above cycle involved nothing 
out of keeping with the first law because the quantity of 
heat Q2—Q2, withdrawn from the low temperatine kschoii, 
was exactly equal to the quantity Q X ~Q X , yielded up to the 
high temperature reservoir, since Qx—Q^Qi^Q^ 


V Having arrived at the result that the function 2*1 ty* 

Y l 

must be the same for all reversible processes which we can 
imagine to take place m a cyclical manner, Q x being absorbed 

at e x and Q 2 rejected at 0 2 , we proceed to evaluate 

Y 1 

m some simple case The result obtained will, by Carnot’s 
theorem, be quite general, and not limited to the special case 
for which it is originally derived. 

The simplest case m which to evaluate is that of 

Y 1 

a perfect gas traversing Carnot's cycle. Since our funda¬ 
mental temperature scale is the perfect gas theimometei 
sc ale, we arrive at a very simple form of it suit 111 this instant c. 
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namely, 

The calculation is as follows 
Referring back to section I, we have 

V 2 

fpdv=Rd 1 In- 


Qi= fpdv= 

J v x 
pH 

Q^jpdv= 


v* 


Therefore 


Q X (?2 _ 

Qi ' 


Rb x ln— — R0 2 In- 


Re l In L- 2 
1 


but, since A and B, and C and D are on the same isothermals, 

Pl»l=P 2^2 l 

P^z^P 4 ^ 4 / 

Also, since A and D, and B and C are on the same adiabatics, 
From these four relations it follows that 


@ l~-(?2 

Qi 



The simplicity of this result may at first perhaps be regarded 
as surprising For we know that it must be true m every 
case, no matter how complicated the system to which it is 
applied, although its derivation depended upon the special 
equations of a perfect gas The explanation of any difficulty 
which may be felt m this respect lies m remembering that 
0 X and 0 2 remain m all cases the temperatures as measured 
by the perfect gas thermometer The simplicity of the 
result depends upon our having chosen for the evaluation 
of the efficiency that system which is also the standard of 
temperature measurement 

To summarise, therefore, the means by which the Second 
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Law of Thermodynamics is applied, we begin by imagining 
some physical or chemical process carried out in a cyclical 
manner, t aking place in one direction with abruption of 
heat at a higher temperature and subsequently being reversed 
at a lower temperature with rejection of a fiaclion of this 
heat orig inally absorbed The device employed, however 
impracticable it may be, is termed a heat engine 

We define the efficiency of any heat engine as the latio 
w ork performed in cycle 
heat drawn from supply 

It is demonstrated m Carnot’s theorem that this function 
must have the same value for all reversible heat engines, 
for otherwise the Second Law of Thermodynamics could not 
be true 

We now proceed to evaluate the efficiency m the simple 
case of a perfect gas traversing a Carnot cycle, and find it to be 

a __ a 

zl _-£ Carnot's theorem shows that this result must be 

quite general By equating the efficiency calculate cl in the 
specific case of some particular cycle to this general value, 
important laws governing the physical or chemical processes 
upon which the cycle is based are derived as in tlu example 
given relating to fusion and solidification 
The validity of the results which are found by this method 
is m no way restricted by the fact that m deriving than 
assumptions are made about processes taking place m an 
ideal manner In practice, naturally, no cycle could be 
earned out m a strictly reversible manner gases would 
have to be expanded or compressed at a finite* rate , a body 
could not draw heat from a reservoir at the* same temperature 
as itself to replenish that which it lost m the performance 
of work, it would have, rather, to cool a little, and then 
receive heat from the reservoir now at a slightly higher 
temperature than itself. But all these factors only make* 
the actual efficiency less than the thermodynamic effluenty 

The ideal cycle, conceived only, provides a means 

0i 

by which relations between vanous physical properties arc* 
derived These relations are quite independent of the in¬ 
tellectual scaffolding by the aid of which they are disc oven <1 
We must now return to consider more closely the conditions 
determining the reversibility of a change, and tlu* special 
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properties of a reversible change In a reversible process 
there is equilibrium at every stage This means that only 
processes which proceed very slowly can be approximately 
reversible It is only m such processes that the maximum 
amount of external work can be performed An example 
will make this clear Considering once more the isothermal 
expansion of a gas, if the gas pressure is p, and the opposing 
pressure against which the gas is expanding is p—dp, the 
work performed dunng an expansion dv, differs infinitely 
little m the limit from pdv, and for a finite expansion fiom 
volume v 1 to v 2 , during which the external pressuie is gradu¬ 
ally relaxed from a value differing infinitely little from the 
initial gas pressure p v to a value p 2 , equal to the final gas 
pressure, the integral work performed for one gram molecule 


of the gas is, as we have seen, RO In— 2 The process could be 

reversed at any moment by increasing the opposing pressure 
by an infinitesimal amount and the work pdv , performed by 
the gas on expansion would be replaced by an amount of 
work pdv , performed on the gas by the external pressure 
during compression 

If instead of the external pressure being continuously 
lowered so as to be an equilibrium pressure at each point it 
were suddenly lowered to the final value p 2) the gas would 
expand to the volume v 2 , corresponding to p 2 , but throughout 
the expansion the external pressure, m overcoming which 
work is performed, has the constant value p 2 , so that the 
whole work done between the limits of expansion, v 2 —v lf 
equals p%{v 2 —v^) This is less than the work done during 
the reversible expansion, as may be clearly seen from the 
figure m which the area ABQP repiesents the work done m 
the'reversible expansion and A l BQP that m the irreversible 


expansion 

At the risk of labouring the point, let us compare the two 
processes during the first element of the change In the 
reversible one the work done is p x dv, while the woik necessary 
to reverse the operation is p x dv also In the irreversible one 
the work done is p 2 dv, whilst that necessary to reverse the 
operation is not p 2 dv but the larger amount p^dv The 
difference between the maximum work obtainable, p^dv, and 
that actually obtained, p 2 dv, is {pr—p^dv If there are no 
frictional forces retarding the outward movement of the 
piston this excess of energy appears as mass kinetic energy 
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of gas and piston When the limit of expansion is leached, 
the gas and piston, which aie moving with tinite velocity, must 
be brought to rest, and the kinetic eneigy will be dissipated 
as heat Had the operation been conducted rcvcisibly an 



Fig 2 

equal amount of energy might have appealed m the hum of 
external mechanical woik Wheie frictional foiccs oppose 
the expansion a finite difference of pressuie is neeessaiy to 
produce expansion or compression Heme the operation is 
unavoidably irreversible, and some cneigj. must be dissipated 
as heat, on account of the woik done in ova Homing the 
frictional forces, in whichevtr direction the change pi on eels 
This again diminishes the yield of woik fiom an im veisihle 
opeiation as compared with a rc vorsible one 
Another kind of irreversibility may b< lllustiafed by 
reference to the cycle which gave the influence of pusane 
on the melting point of a solid One of the* ope rations m 
this cycle was the fusion ol the substance* at the* melting 
point corresponding to a given external pnssun* At tins 
tempeiature solid and liquid are in equilibrium 'Hus is the 
important point because it clelununis the n*\, isilnlity of 
the process By the addition of an infinitesimally small 
quantity of heat some solid may be earned to melt, whilst 
by the withdrawal of an uilinite>-inially small quantify of 
heat a proportional amount of liquid is caused to solidify 
This could not happen if the tempera hue wen* any othe*r 
than the equilibrium temperatuu* If it wen* higher the 
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whole of the solid would melt irreversibly, and the withdrawal 
of an infinitesimal amount of heat would not cause any of 
the substance to freeze again , if it were lower the whole of 
the liquid would solidify irreversibly When the pressure 
on the system is changed, the temperature must be varied 
m a corresponding way so that it always remains the equili¬ 
brium value In this way the cycle can be carried out 
reversibly, and we obtain our relation between pressure and 
the temperature at which solid and liquid are m equilibrium, 
that is, the melting point 

When heat is drawn from or given to a reservoir, as m the 
isothermal operations of Carnot's cycle, reversibility demands 
thermal equilibrium between source and recipient, that is to 
say, equality of temperature between the gas and the heat 
reservoir Naturally, the flow of heat from one to the other 
can take place only infinitely slowly under these conditions 

At this stage it will be convenient to call attention to an 
important rider which we shall need to develop and apply 
later Since a process can only be reversible when equilibrium 
conditions prevail at every stage, a criterion of a condition 
of equilibrium is that any small change from it which is made 
shall be a reversible change Tins has an important applica¬ 
tion m connection with the use of thermodynamic functions 
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THE GIBBS-HELMIIOLTZ EQUATION, MAXIMUM WORK, AND 
f-REE ENERGY 

We have seen m two examples 1 iow t physical processes can 
be earned out m a reversible and cyclic manner, and thereby 
made to constitute heat engines The application of the 
Second Law of Thermodynamics to determine tire efficiency 
of these heat engines leads to the discoveiy of important laws 
which the vanous processes obey To illustrate iuithcr the 
characteristics of these so-called heat engines, we will first 
consider another specific example of such a cyclic process, 
and then proceed to derive a general equation which applies 
to all physical and chemical changes 
The process which will be taken as the basis of the cycle 
will be the vaporisation of a liquid It will be instinctive 
to compare each step of this cycle with the analogous step 
of the Carnot cycle with a perfect gas 
(r) One gram of the liquid is allowed to vaporise reversibly 
at temperature 0 This corresponds to the isotheini.il 
expansion of the gas at Q 1 in C.impt \ r u le, an amount of 
heat /, equal to the latent heat oi Iwstw+fV abxoilxd, and 
work is performed against external pitssuie dining the 
expansion which accompanies the vaporisation l thus 
corresponds to the of the Carnot ry< lc* It is vciy 
important now to consider under what (onditionx the vapnisa- 
tion can occur reversibly, the condition foi levusilnhty is 
that the liquid and vapoui should be in (quihbnum ormtinitcly 
little removed from cquihbiium at every stage 'I his, < le.uly, 
can only happen if the external pressure to be on iconic* by 
the vaporisation of the liquid is always kept equal to the 
saturated vapoui pressure of the liquid, we say equal as 
the limiting case, since for the process at tually to omu the 
opposing pressure would have to be it duo tl to a value vciy 
slightly below the vapour piessuie 1 hue is now an import¬ 
ant difference between this example and the tase of the 
expanding gas In the latter case tin* tquilibimrn piessuie 
falls m accordante with Roylt s law <ts tht voiuint mt it ascs, 

44 



45 


THE GIBBS-HELMHOLTZ EQUATION 

but m the case of the vaporising liquid the pressure remains 
constant and equal to the vapour pressure, lor the vapour 
pressure of a liquid does not depend m any way on the relative 
volumes of liquid and vapour At constant temperature it 
is constant If we imagine the liquid to be enclosed m a 
cylinder fitted with a piston, the space over the liquid being 
occupied by the pure vapour, then the pressure exerted by 
the vapour remains at a constant value p t no matter how 
far the piston moves out (provided that all the liquid is not 
used up) The work done m the reversible vaporisation of 
i gram of the liquid is therefore Jpdv—p(v % —v^ where ?y 2 = 
volume of x gram of vapour, and 5 ^=volume of 1 gram of 
liquid at the temperature 0 

Another difference nlust now be noted between the vaporisa¬ 
tion process and the expansion of the perfect gas The 
internal energy of the perfect gas has been shown to be 
independent of the volume, and therefore the whole of the 
heat Q v absorbed by the gas during its expansion, was 
handed on for the performance of external work In the 
vaporisation, however, only a part of the latent heat is 
utilised for the overcoming of the external pressure, the rest 
going to mciease the internal energy of the substance vapor¬ 
ised Vapour, as already pointed out, has a larger internal 
energy than liquid, because work has been employed m 
separating the molecules against their mutual attractions, 
and thus increasing the potential energy This is only 
pointed out as a fact, it does not m the least destroy the 
analogy between the / of this cycle and the of the gas 
cycle, because the very basis of the investigation is the sure 
knowledge, derived from Carnot's theorem, that the efficiency 
function will have the same value whatever be the nature of 
the process upon which the heat engine depends 

To sum up, then, we have for this first isothermal process 
at 0 

Heat absorbed—? 

External work performed—^ (t / 2 —vj 

(n) It is now necessary to reduce the temperature to 
0—^6 with a view to reversing the process at this lower 
temperature A simple adiabatic expansion does not meet 
the case completely, because although we should m this way 
reduce the temperature to 0—^0, the pressure corresponding 
to this new temperature would not necessarily be the equili- 
buum pressure, 1 e the vapour pressure at 0—^0 We must 
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therefore imagine a slight adiabatic expansion followed by 
a small isothermal expansion or compicssion to bring the 
vapour to the saturation point This small change can be 
regarded as forming part of stage (in)—the isothumal stage 

_.but it is more convenient to deal with it at once Any 

heat taken m or rejected will be an infinitesimal quantity of 

the first order The new volume of the vapour is v 2 - ^dO, 

where is the rate of change with tunpeiatuic of the specific 
hO 

volume of the saturated vapour There has thus been a 

contraction of ~ 2 d6, which has occuricd undei a pressuie 
00 


varying between p and p—dp There has thus been voik 
done on the system equal to the average pressuie multiplied 
by the volume change Since the average pressuie is p—h dp, 
where h is a fraction nearly equal to 1, this woik is 

(p—h dp)^ 2 dd, or, neglecting quantities of the second order, 

"\ n 0 u 


(m) We now condense the I gram of vapoui juveisibly at 
the new vapour pressure p—dp The vuuk done on the 
system by the external pressure causing the court* nsation is 
(p—dp)X volume change 



Neglecting once moie 
becomes 


second order 
do, 


{p-dp) [v 2 -v x ) p(^dO 


infinitesimals 


this 


The heat rejected m this stage is /— dl 
(iv) The condensed liquid is now warmed to 0 once* more, 
the piessure being increased to the original value p. In this 
stage a quantity of heat is taken m winch is an infinitesimal 
of the first order „ external work is done by the expansion 
of the liquid to its original volume v l9 fiozti the ’volume 

(^—which it possessed at the lower temperature 

This work is p^-*d$> neglecting only the second oidcr terms 

(approximately equal to \dpdi )*) 
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The net work performed by the system in this cycle is 
(v^—v^dp+teims of the second ordei. 

For the terms involving * and ^ m (n) and (iv), cancel 

"tit) 

those m (m), thus the term+^> representing work done 
on the system m ( 11 ) is cancelled by the term —p^-*db for 
work done on the system m (in), and the term+^^^0 for work 


— ~bv 

done by the system in (iv) is cancelled by the term+^^Q 1 
for work done on the system m (m) It makes absolutely 
no difference what sign the actual values of ^ and ^ possess 




We have spoken as though they were positive, but since 
positive work done on a system equals negative work done 
by a system this convention did not involve any arbitrary 
assumption 

Now, the heat drawn from the supply at the higher tempera¬ 
ture 6 is /, except for small quantities of the first order m (iv), 
which vanish m comparison with the finite quantity l 

Thus, the efficiency > 


Therefore 


0-(O-iO)_^0 


0 0 
dp ^ l 
dQ~~Q(v 2 ~^x) 


This gives the rate of variation with temperature of the 
saturated vapour pressure 

We have discussed the various stages m some detail because 
theie is sometimes a little difficulty m knowing which of the 
infinitesimal terms m such a calculation may be neglected 
It will be seen that since, m the efficiency function, the 
heat term is finite, heat terms which are infinitesimals of the 
first order may be neglected The work term, however, m a 
cycle m which the temperature difference is only an infinitesi¬ 
mal of the first order is itself an infinitesimal of the first order 
Thus, it is only permissible to neglect work terms which are 
infinitesimals of the second or higher order 
The whole derivation may be summarised m the diagram 
below. 
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V 


Fig 3. 

Total work done in cycle=area enclosed by p,v diagram 
—{y t —vpdp, neglecting second order quantities 

Efficiency = J’0_(y^Vi)dp. 

THE CLAUSIUS HJUAHOM 

The volume of a liquid being small compared with that of 
a vapour at the same temperature, and pressmo, \ui may wiite 
dp t _ _ l * 
dO~(v s ~ v J )0~v i 0 

Multiplying by M the molecular weight of the substance 
m the vapour slate, we have 

dp Ml L 
do" AlVi 0 ' Vb r 
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where L is the molecular latent heat, and V the molecular 
volume of the vapour If the vapour obeys Boyle's law, 

pV=R0, thus F=A 9 . 

? 

dp _ Lp 

dQ-~~RQ 2 ' 

I dp _ L 
p dd~~RQ z ' 
d Inp _ L 
dQ ~~R& 


A GENERALISED CYCLE CONSTANT VOLUME RELATIONSHIP 

The foregoing discussion having exemplified the more 
important points connected with cyclic processes, it will now 
be possible to carry out a generalised form of cyclic process 
without undue obscunty 

A physico-chemical process m general, taking place at a 
temperature 0, is accompanied by a diminution m total 
internal energy U , of the substance or substances which 
undergo the change, the absorption of an amount of heat Q, 
and the performance of an amount A of external work 
According to the specific natui e of the change, and the sense 
m which it occurs, U, Q, and A may be positive, negative, 
or zero When the process takes place m a reversible manner 
A is the maximum work obtainable In the rest of this 
discussion A will be used m this sense of the maximum woik. 
When the process is the expansion of a perfect gas we have 
seen that 27=o, the internal energy does not change and 
Q , the heat absorbed, is equal to A , the external work per¬ 
formed When the process is the vaporisation of a liquid, 
Q, the heat absorbed, is the total latent heat, A is the work 
done against the external pressure (equal to the vapour 
pressure), and U is the change m total internal energy 
Since we are calling a diminution positive, the value 
of U for the process of vaporisation occurring m the sense 
liquid-^vapour will be negative 

We have that the heat absorbed, Q, is utilised partly m 
increasing the internal energy, the increase being — U and 
partly m enabling the system to perform external work, A 
In general, therefore, Q— — U+A 
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In some cases A may be zero, as, foi example, m the 
reversible fusion of a solid when the specific volumes of solid 
and liquid are equal Here Q= — U, 1 e all the latent heat is 
used m furnishing the increased internal potential cncigy of 

the liquid , 

The external work may be of many kinds It is not m 
general accounted for merely by the expansion of the system 
dunng the transformation During the wDiking of a galvanic 
cell much external woilc is done, scarcely any of which is 
work of expansion Indeed, if the initial and final volumes 
of the system are equal, the work of expansion is necessarily 
zero whatever be the nature of the transformation We shall 
have numerous examples of dilfeient kinds of external work 
m what follows It will be a convenience to differentiate 
between work of expansion and other work Let us call A„ 
the total work including an expansion fiom \olume to 
vol um e v 2 against a constant external pressure p, then the 
work other than that done in ovei coming this pressure is 
A t -p{v t -vJ)=A v 

When v i —v 1 this reduces to A V =*A V 

We will first consider the simplest possible case, namely, 
when A—A v , there being no volume change m the trans¬ 
formation 

We allow our isothermal piocess to take place at 0, Q bung 
absorbed and external work A v performed 
Q=--A v -U 

The system is now cooled to 0 -d0 , the volume being kept 
constant An infinitesimal amount of hi at is abstracted m 
this process, wluch, however, is negligible m comparison with 
Q No work is done, but the pressure has had to be redueid 
in order that the volume may remain i onstnnt. 

The process is now reversed at the temperature 0—iO 
Q—dQ is rejected, the internal energy change is ~{U—dU), 
and the work done on the systun is A v - dJ v 

The system is now waimid to 0 once moic, every thing 
being restored to the initial state; the piessuie is brought 
to its original value 

The efficiency of the process as we have cairn d it out is 
_work done *!<,- (A v dA v ) 
heat taken in - Q 

_ dA v 

~A'~~V’ 

A £/= Q, 


since 
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Therefore 


iAj _dQ 

a~u~ e' 

Ti 


The value of dA„ is 


<20, since the condition of the 


transformation at 0 —dQ was such that both initial and final 
volumes weie not only equal to each othei, but also to the 
initial and final volumes at 0 


a v -u=q(^ 


We thus have 


It may save some confusion later if it is pointed out that 
m the expression the two subscript v’s are indepen¬ 

dent , A v indicates that the transformation at 0 is earned 
out at constant volume, whilst indicates that the 

constant volume transformation at 0—^0 is carried out at 
the same constant volume as before It would have been 
possible to allow the change to take place at constant volume 
at 0, to cool under constant pressure, allowing the system 
to contract naturally, then to reverse the change at the new 

constant volume This would correspond to 

There is no difficulty about the matter, it is only necessary 
to be clear about what we really mean by the same change 
at different temperatures 

The equation A v —U=df—' 1S a most important one, 


and is known as the Gibbs-Helmholtz equation 

For many of the systems with which we shall have to deal 
the conditions of volume constancy are exactly or very 
nearly fulfilled, so that this equation may be applied directly 
Even when the volume cannot be regarded as constant it is 
always easy to correcfcthe total work for the expansion term, 
and then apply the equation to this corrected value In the 
next section the corresponding constant pressure relation 
will be discussed, but for examples of the significance of the 
Gibbs-Helmholtz equation reference should be made at once 
to the next section but one 
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We shall now write the equation simply in the form 


MAXIMUM WORK AT CONSTANI PRESSURE 

Let constant pressure prevail throughout the cycle during 
heating and cooling as well as duung the isothermal stages 

( l ) The process takes place at 0 The woik pci formed, 

Q—A v~ U taken m 

( 11 ) The system is cooled to 0—rfO The he.it terms are 

mfiniiegunals of the first order The pitssuie leniams 

constant v 2 diminishes to v z ——dQ 

~bv 

Therefore work is done on the system equal to 0 

(m) The process is icversed at 0— <70 Woik 1 p -d\ v 
is done on the system 

(iv) The system is warmed to 0 again The volume 

~()V 

increases from v^—dO to v v so that the system does work 
<>v ly 00 

equal to 

The total work done by the system is therefore 

A,-U 1,-il J 


Efficiency 




Theiefote 


".-Vo’" 


,.— U=0d 


Urns 
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but Ap-fift 2 —^i) is the work that would be done if the 
expansion were suppressed during the isothermal stages 


or A 9 ^U+p(v % ^v^i^^ 

This equation could have been vntten down by applying 
the appropriate corrections to the constant volume equation 
of the last section It may claufy matters to do this 


Let the process m which volume changes had been sup 
pressed; and which satisfied the equation A v — U=Q=o(-^~\ 


now take place with volume change, A v icmaimng the same 
An extra amount of heat p(o 2 ~~ v i) must be taken m Thus Q 
must be increased from A v — U to A v —U+p(v 2 —v 1 ) Of 
the total work the portion A v is the same whether there 

is woik of expansion or not Hence is the same 

as Thus the equation A v — is 

\ od / p /7)4 \ \ oo / v 

changed to A 0 — U+p(v 2 ~v 1 ) = e{^ 

This equation is concerned with that part of the external 
work not imolved m expansion If interest is fixed on the 

total work A it is to be noted that the term 

means that the process at different temperatures must always 
take place under the same pressure and therefore between 
different volume Imiih 

The piocess with which A is associated however may be 
such that it is not convenient to regard p as constant at 
different temperatures If we are considering the evaporation 
of a liquid, for example, under its own vapour pressure, this 
is indeed a change at constant pressure, but the constant 
pressure which prevails during the isothermal change is one 
having a different value at each temperature 

Let us consider briefly a cycle m which the isothermal 
changes are at constant piessure, but m which the pressure 
cannot be arbitrarily varied and has to have a definite value 
determined by the temperature v 2 and v lf the final and 
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initial vol um es of the system in the isothermal transfoxmation, 
will themselves vaiy with temperature in this case 

( I ) The process takes place at 0 The work clone by the 
system is A^A^p^^—vj) The heat taken in is 
Q=A P -U 

( II ) The system is cooled to O—dO The heat teims in¬ 
volved are infinitesimals of the fust older, vanishing m 
companson with Q 

The volume v 2 becomes Wuik is done on the 

system equal to p^~d 0, neglecting second older quantities 


arising from the fact that the average pressure is not p but 
between p and p—dp 

(m) The process is reversed at 0 —dO The uoik done on 
the system is 

A v -dA 9 =A v -dA v +tf-dp)- j® 1 ) ' 


(iv) The system is warmed up to 0 again The pressure 
returns to the value A The volume incieases fiom i/,- . ,Vo 
to v v Work is done by the system equal to p ^0, again 


omitting second order quantities 
Adding up all the work terms we obtain foi the net voik 
done by the system 

dJ v +dp[u 2 -v J 


Therefore 


dA v -j-dp(v t ~£i)__d0 

' "jpu o ' 


A 


D -U= 0 


dA v dp 
dO i_ dO 



Now since A p =A v -{-p{ v a—J’ i). the expression m the bracket 
on the right hand side of the equation is the differential 
coefficient of A „ with lespeet to teinpoialme subject to the 
condition that (v 2 — iq) is regarded as constant in the actual 
performance of the differentiation Thus we may write for 
this case 



It is understood that iq and v 2 were not foiced to ionium 
constant when the temperature was lowered m the cycle , 
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but in the final equation they must be treated as independent 
of temperature 

In this form the equation can be applied to such processes 
as vaporisation We may illustrate its use by considering 
this particular example . 

A v=P{ v Z-Vi), 

Q=A v —TJ=l, whence U=p{v 2 —v 1 )—l; 



Therefore if A v — U=o(~^~') 

\ o 8 / VlV2 > 

1=0 

dp l 

dO 0(v 2 —v 1 ) 


FREE ENERGY 

Alter this digression we return to the mam aigument 

The quantity A, the external work performed when any 
physical or chemical process is earned out reversibly at 
constant temperature, is of great importance As we have 
seen, it can often be expressed as the sum of two terms one 
representing the work of expansion, the second work done m 
other ways If the volume of the system is unchanged at 
the end of the process, then the quantity A is represented 
by the second term only A is called the decrease m Free 
energy of the system The system, having done work A , is 
thought of as being by that much less endowed with this 
property called free energy There is a slight confusion 
about the use of this term as it is sometimes applied rather to 
the total work less the work of expansion All that matters, 
however, is to be clear about the facts We shall use the 
term m the sense in which it was originally introduced, 
namely, the maximum work at constant temperature 


GALVANIC CELLS 

The subject of Free Energy may conveniently be developed 
by reference to the important question of the electromotive 
force of a galvanic cell A galvanic cell is an arrangement 
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wheieby the chemical energy of certain substances is utilised 
for the production of electrical energy lwo t xamplcs will 

serve to bring out the points lelevant to the theimodynamical 

dl Inthe Darnell cell zinc dissoh es at the negativ c pole > lcldmg 
zinc sulphate, and copper is deposited at the positive pole, 
the chemical process being Zn-\-CuSO±—ZnS()\-\ (it, or, as 
it is more precisely expressed in terms of the ionic theory, 

Zn+Cu=Zn+Cu If this change, the pieupitalion of copper 
by zinc, merely took place in a caloumctcr, the solutions no 
longer being separated as in the cell, that* would be a u itam 
evolution ot heat which would repicsent the d< a east in total 
internal energy of the substances leading When tin pic- 
cipitation takes place in a caloiimetcr time is no means of 
reversing the piocess by a slight change in the conditions 
The process is irreversible in the theimodjnaimc sense (this, 
it need hardly be pointed out, has nothing to do with the 
question ot whether the process is a reversible u action m the 
chemical sense) No external woik a<companies tins pie- 

cipitation , 

On the other hand when the change occius undei the 
conditions pi evading in the cell, the* change is n ve wide, 
because we know that by applying to the cell a level so i Icetro- 
motive foice slightly greater than its own, the coppu can 
be caused to dissolve and the zinc to be pieupitab d More¬ 
over, when the chemical process cv'cnis u-veisibly m the 
cell It yields external woik When one gram equivalent of 
zinc dissolves a quantity of electricity equal to 96,5 pi < oulombs 
flows though the cell and the external ouuit, and the 
movement of 96,540 coulombs though a diikuncc ol poten¬ 
tial E, the emf ol the cell, upiesents the peiioimance of 
96,540 E clectncal units of work, which u.o completely 
convertible into mechanical woik of any otliei kind 

Another interesting case is the oxygui-livhogen cell 
This consists essentially of two elec Uodes ot pLttimini, c haiged 
respectively with oxygen and liydiogeh, dipping into water 
The chemical piocess consists m the passage ol hydiogen and 
oxygen into solution m the 10111 c foim, and then union to 
form water Hie change m total energy accompanying this 
process is simply that of the reaction 2 0 * - 2IIJ) and is 
measuied by the heat which would be evolved if tin* gases 
were made to combine at constant volume m a bomb calon- 
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meter (corrected for the latent heat of condensation of the 
steam if necessary) The combination of hydrogen and 
oxygen to form water by explosion m a calorimeter is an 
irreversible process m the thermodynamic sense, and does not 
yield work The whole of the internal energy change appears 
as heat But the opeiation of the hydrogen-oxj T gen cell is a 
reversible process when allowed to proceed against a back 
electromotive force only very slightly less than its own, and 
external woik may be obtained The amount is numencally 
equal to the electromotive force multiplied by the quantity 
of electricity passing This is proportional, by Faiaday’s 
law, to the amount of chemical action which has occurred 
When the cell works it should be observed that the amount 
of heat actually liberated during the working is not the same 
as that which is liberated when the same chemical reaction 
takes place m a calorimeter without the performance of any 
work The change m total internal energy of the substance is 
of course the same, but it does not appear entirely as heat 
Some appears as electncal energy, which may be utilised m 
the performance of mechanical work The amount of heat 
actually liberated m the cell is equal to the difference between 
the total energy change and the external work When the 
reaction takes place m the constant volume calonmeter the 
heat of reaction is the whole change m total internal energy 
The Gibbs-Helmholtz equation can be appropriately 
applied to the electncal process, any volume changes accom¬ 
panying the working of cells being negligible, or it being sup¬ 
posed that correction is made for them The change m total 
internal energy, U, is given by the heat of reaction at constant 
volume, that is the heat which would be liberated if the 
chemical reaction upon which the cell depends, took place 
without performance of external work {not the actual heat 
which may be liberated or absorbed m the cell itself) 

A, the free energy change, is proportional to the electro¬ 
motive force, E, of the cell, because the work which the cell 
can perform at constant temperature is given by ECt, where 
Ct is the total quantity of electricity^ which passes during the 
process This quantity may be readily found from Faraday's 
law In the Darnell cell, for example, if U , the internal 
energy change, refer to one gram molecule of copper or zinc, 
then the quantity of electricity passing will be 2 F t where F 
is 96,540 coulombs, which are always associated with a 
univalent gram ion The factor 2 comes from the divalency 
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of copper and zmc In general for «-valent ions the quantity 
. „ , d.l r dE 

is nF A , therefore, is nLF, and ^ nF 
The general equation thus becomes _ 

__ __ . y dli 

nEF—U=0nF ^■ 

E is usually measured in volts, 2 < m coulombs »E 1 < will 
therefore be in volt-coulombs I volt-coulomb—io R / io- 1 * 
io 7 ergs 

Theiefore to convert to calorics, n!U< m volt-coulombs is 
multiplied by io 7 and divided by 4 18 / io 7 I he same coil- 

dh 

version must be made with the term, nl< ^ 

U will be now measuied m caloncs pa gum molecule 


We must now considei the question of the sti ict ic\ usibiiity 
of the process Upon it the validity of the equation will 
depend The electromotive force of a cell may be used m 
two ways, m yielding current against the mb mal and external 
resistance, andm overcoming an opposing potential diileientc 
The latter alone yields useful woik the opposing potential 
difference might,fur example, be the back eh etiomotne fence 
of a motor. A cell cannot work icvusibly it it yu Ids a finite 
current; energy is dissipated as lieat (Joule 1 km l) both when 
it works directly, and when it is made to work backwards 
by the application of a grcatei and opposul elec tu,motne 
force Moreover a finite mcieasc m the opposing potential 
difference would be necessaiy to cause the uxeisal of the 
current If, however, the cell yields a vanishingly small 
current against an opposing electromotive force only veiy 
slightly smaller than its own—e g , duvcs a motoi minutely 
slowly—then the process becomes as nemly rovcisible as we 
like Although the cell cannot, unda these conditions, 
function to any practical purpose, yet these* conditions are 
precisely those under winch we measure the e 1< etiomotive 
force The potentiometric method depends upon finding 
the opposing potential difference which will just pi event the 
cell from giving a current The olectxomotive foxce of the 
cell is thus determined under just those equilibrium conditions 
which represent the limiting case of the truly reveisible 
process It measures the tendency of the cell to yield work, 
when the cell actually works it yields rather less than the 
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maximum indicated by its electromotive force, as some of 
the energy is reconverted into heat m overcoming the internal 
resistance of the cell itself, and the potential difference between 
the terminals of the cell is less than the tiue electromotive 
force by this amount But the true electromotive force, as 
measured potentiometucally, is a quantity which may with 
the strictest accuracy be put into the Gibbs-Helmholtz 
equation for reversible isothermal processes 

It must now be emphasised that the decrease in the internal 
energy of the substances taking part m the leaction, that is, 
the calorimetrically measuied heat of reaction, has nothing 
whatever to do with the free energy change accompanying 
the process, as measuied by the electromotive force, except 
m so far as the two quantities are connected by the equation 

A and U for the Darnell cell happen to be nearly equal, 
this was for some time thought to demonstrate that the chemical 
energy, [ 7 , is always converted quantitatively into electrical 
energy In the sense of the general equation, it merely 

means that — is zero m the Darnell cell, 1 e that the electio- 
ct u 

motive force does not vary with temperature The tempera¬ 
ture coefficient of the electiomotive force may be either 
positive or negative Therefore different cells may have A 
either greater than U or less than U When A is less than U 
no difficulty auses , the excess of U over A appeals as heat 
m the cell, which would warm if thermally insulated, and 
which gives out heat while working if maintained at constant 
temperature When A is greater than U, heat has to be 
absorbed continuously from the surroundings while the cell 
is working, otherwise it would cool The heat which is 
absorbed from the surroundings, together with the chemical 
energy, appear as work The most striking example of a cell 
m which A and U differ very markedly is the concentration 
cell In this cell two electrodes of the same metal dip into 
solutions containing an ionised salt of that metal at two 
different concentrations The only ' chemical 7 piocess 
accompanying the working of the cell is the gradual equalisa¬ 
tion of these concentrations, and if both are fairly small to 
begin with, there is no heat of dilution and thus U=o But 

* It would only obscure the argument to qualify the statement by 
reference to the Nernst Theorem at this point 
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the electromotive force may be consult 1 ! able—and depends 
upon the ratio of the two concentiations, however small they 
are absolutely Here we have a case in whidi A is supplied 
entirely from the heat of the surroundings 

This state of affans may at hist sight appear strange, but 
we have seen that a perfect gas may pc iform woik by c^ pan- 
sion without change in internal energy, all the energy iu < cssary 
for the expansion being derived irom the Ik at ot the sur¬ 
roundings This as we saw was easily in la} acted m turns 
of the moleculai theory, and constituted no dtpailme hom 
the second law The electrical energy yielded by a con¬ 
centration cell is denved fiom the heat ol the surroundings 
m an analogous way In some cases the t Retinal energy of 
a cell is derived from its chemical eneigy cxtlusrwlv, and 
indeed the chemical energy may be more than sufficient to 
supply it In other cases there is a combination of. the 
purely chemical process and the 1 process typified by a concen¬ 
tration cell or the expansion of a gas The mechanisms of 
these more complicated cases aie naturally more difficult to 
visualise than the simple case of the 4 gas, but the physical 
interpretation will bo developed fuithei when we deal with 
the subject of entropy 

FREE ENERGY AND SPONTANEOUS CHANGES 

We have now to consider a point which is sometimes found 
a little confusing, namely, that the free energy change is 
under ceitam conditions a measure of the tendency oj a process 
to take place spontaneously 

To make matters clear we must fust remember that there 
exists a certain definite permanent relation between given 
initial and final states of a systc m which is quite mdc pendent 
of any actual process by which the system passes from the 
one state to the other Let us taka 1 the concrete example 
of a gas at two different pressures l\ and J\, 1\ being g U atoi 
than P 2 If the gas at pressure l\ is given an opportunity 
of expanding isothermally so that its pressure falls to it 
will expand spontaneously The reverse change would not 
occur spontaneously. If the tendency to expand is opposed 
by a pressure P 2 , then the gas at pressure l\ will tend to 
expand, whilst that at the pressure will not The gas at 
the higher pressure thus has a greater expansive tendency 

The work done m expansion to P 2 from L\ depends, as we 
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have seen, upon the way m which the expansion is allowed 
to take place It may vary from zero, when expansion is 

P 

into a vacuum, up to a maximum of P0 In ~ for a reversible 

P 2 

expansion This maximum work, which we denote by A , 
has a single definite value It is primarily the actual w ork 
done by the gas during this definite process of expansion 
against an opposing pressure adjusted to the equilibrium 
value at each stage, and this is why we have so far regarded A 
as characteristic of the process itself 
But now we might also regaid this maximum work as a 
measure of the decreased tendency of the gas to expand 
We might think of the gas as possessing at piessure P x a 
certain capacity for pei forming work by expanding, and at 
pressuie P 2 a diminished capacity The change m this 
capacity as the gas expanded from P x to P 2 would give 
the maximum work We thus define a difference between 
two states m terms of what would happen if the system 
passed reversibly from one to the other Even if the system 
passes irreveisibly from the initial to the final state the change 
m the free energy is still the same If expansive tendency 
be a property of the gas having different values at pressures P x 
and P 2 , then the change m this propeity must be the same 
however the transformation between the two states is brought 
about Even if the pressure of the gas falls without there 
being any perfoimance of external work—expansion into a 
vacuum—the decrease in free energy is measured by the work 
which would have been done had the expansion been a 
reversible one 

The change m free energy is m a sense analogous to 
a difference m potential, electric or gravitational The 
difference m gravitational potential between two points 
measures the work done m carrying unit mass from one to 
the other The maximum work obtainable from systems 
undergoing different kinds of change is therefore said to 
measure the decrease m a * thermodynamic potential' of the 
systems There are several of these quantities we may 
consider the change to take place at constant temperatuie 
without any other restriction, or we may find it convenient 
to impose the condition of constancy of volume, or pressure 
Maximum work at constant pressure differs from that at 
constant volume, being gieatei by the term p(v 2 —v 1 ) as we 
have seen 
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There is however an important difference which makes the 
analogy with electrical or gravitational potential rather a 
superficial one The work done m conveying unit mass 
between two points is always equal to the change m gravita¬ 
tional potential, whatever be the path tiaversed, whilst, 
as we have just seen, the woik performed by a system, such as 
the gas we have been considering, depends upon the ' path/ 
i e upon the natuie of the stages intermediate between the 
initial and final ones Only when these intermediate stages 
are themselves equilibrium conditions is the woik a definite 
maximum amount The maximum work, however, is an 
appropriate quantity by means of which to define the change 
m free eneigy or other * thermodynamic potential' foi another 
very important reason It is pioved later in this chapter 
that when a system can pass from a given initial state to a given 
final state by more than one reversible isothermal process then the 
maximum work performed is in each case the same This is a 
principle of the greatest importance 

To return to the gas expansion, let the gas be under a 
pressure P x and let the external pressure be 1 \ The mau- 

p 

mum work [is I?6 ln~> and is greater the gicater the value 

i o 

of P x So also is the tendency of the gas to expand 
spontaneously When P x ^P 0l that is the piessuie of the 
gas is equal to the external pressure, AO log i~o "ihe 
maximum work is zero, so also is the spoil tain otis expansion 
tendency. If P x becomes less than P 0 the value of the 
P 

expression RQln becomes negative, and this corresponds 
o 

to the change from a tendency to expand to a tendency 
to contract 

We see therefore in this very simple example that the 
maximum work is zero when theie is no tendency for the 
system to pass from one state to auotlu r, and that it changes 
in sign when the direction of the spontaneous change is 
reversed 

All this is of course quite obvious m the case of the gas 
expansion, and indeed the piessuie itself would have clone 
quite as well as the maximum work as a quantity m turns of 
which to define spontaneous expansion tendency But there 
are many natural changes, physical and chemical, in which 
the performance of work of expansion is me rely a subsidiaiy 
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process of insignificant importance, or one which at any rate 
can be allowed for m a ‘ correction term ’ The operation of 
cells, changes of crystalline form, chemical reactions are all 
capable of taking place not only at constant temperature but 
at constant volume Even when these processes take place 
at constant pressure the terms, p{v 2 —Vi ),representing the work 
of expansion are usually small, and certainly quite insufficient 
to characterise the various transformations to which they 
belong 

As many processes take place at constant pressure we will 
not neglect the term p[v 2 —v 1 ) > but tiy first to indicate when 
it is of importance and when it is not If a gas expands till 
its pressure becomes equal to the external pressure it reaches 
a state of equilibrium and has no further tendency to expand 
But there may still exist tendencies for chemical changes 
to take place inside it If these take place there may be a 
further increase m volume But this new expansion is 
against an equihbiium pressure, it is reversible but has no 
fundamental connection with the chemical change The 
work we are really interested m therefore is A — p{v 2 —v 1), 
which we may call A ' for the present 

Only when we are interested m the vernation of the equi¬ 
librium pressure p f as m the gas expansion, or m the cycle 
which gave us the influence of pressure upon melting point, 
do we consider p{v 2 —v J In this case A ' is always zero 
Generally fpdv is the important term when we are dealing 
with variations m an equilibrium pressure, A' the important 
one when we are considering other variations m a system 
under an equilibnum pressure all the time 

Let us consider the case of a super-cooled liquid, that is to 
say a liquid which has been cooled below the temperature at 
which it would be m equikbnum with solid, and which is 
therefore m an unstable condition It has a tendency to 
sohdify spontaneously Solidification of a super-cooled 
liquid is an irreversible process, it represents the passage 
from a state where the system is not m equilibrium to one 
where the system is m equilibnum This is the only sort of 
modification which ever occurs spontaneously, and it is a 
quite general pnnciple that all spontaneously occurnng 
changes are irreversible because they all involve the passage 
into a state of equilibrium from an unstable state The only 
reversible processes that exist are, by definition, those m which 
the system passes through a series of adjacent states of 



6 4 THERMODYNAMICS FOR STUDENTS OF CHEMISTRY 

equilibrium These processes are precisely the ones which 
have no tendency to take place of thur own accord, although 
we frequently have occasion to imagine them to take place 
as a result of a continuous disturbance of the equilibrium to 
an infinitesimal extent 

It is a general pnnciple of great importance in theimo- 
dynamics that every spontaneously occurnng process can be 
m ade to yield work, and this work is a maximum when 
the process is a leversible one It is not quite obvious, how¬ 
ever, in every instance how this work toll is to be levied on the 
process Generally speaking, for eveiy means we can di vise 
for harnessing some spontaneously occuinng process we can 
get a new theimodynamic result ol some mteicst 

The solidification oi a super-cooled liquid ought to be 
capable of yielding woik If a minute iiagment of solid is 
dropped in to provoke crystallisation, tlieic is cpitamlj. no 
work done except that due to the term p(v a — <q), which may 
be positive or negative according as the volume of the solid 
is gieatei or smallei than that of the liquid We may suppose 
for simplicity that the specific volumes of solid and liquid 
are equal, in which circumstance the woik done dining this 
nreversible crystallisation is zeio 'ihe piobkm is to devise 
a theoretical means by which the sohdific a turn can be made 
to take place in a reversible nunne i 

In the piesent instance the solution of the pioblein is found 
by considering what must happen when the super-cooled 
liquid and the solid are placed respectively in the two arms 
of an inverted U-tube, hermetically sealed aftci .ill gas except 
the vapour of the substance has been pumped away Both 
solid and liquid tend to establish then saturated vapour 
pressure throughout the enclosuie Ihe vapour picssuie ol 
solid and of super-cooled liquid are not equal, tin* one with 
the greater vapour pressure yields a vapom which is super¬ 
saturated with respect to the other, and therefore must 
condense Thus a continuous process ol chitillation takes 
place until the form with the greater vapom pi assure has 
passed over completely and conduiscd m the othci form 
The form which increases must be the stable foim, the solid 
m this instance It would bo contrary to the nature of an 
unstable form to increase spontaneously at the expense of a 
stable form Thus the super cooled liquid has the greater 
vapour pressure The distillation process just indicated is 
irreversible, just as the direct solidification is inevcrsible, 
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but it is now easy to see how the distillation may be earned 
out reversibly It is earned out in three stages, as follows 
(1) At constant temperature 0, one gram molecule of the 
super-cooled liquid is allowed to vaponse under its own 
vapour pressure p x We thus obtam a volume V x of 
vapour, which is m equilibnum with the super-cooled liquid 
Work equal to fpdv=p x V lf since p x is constant, is done by 
the system 

This vapour would not be m equilibnum with the solid, 
but would condense irreversibly upon it It would be m 
equilibrium with the solid if its pressure were reduced to 
p 2 > the vapour pressure of the solid at 0 

(n) The vapour is isolated and allowed to expand till its 
pressure falls to p 2 This would happen spontaneously, but 
can be controlled and made to yield the maximum work m a 
reversible expansion If the vapour obeys Boyle’s law this 

work is Rubify 

P 2 

Let the new volume of the vapour be V 2 
(in) This vapour is now placed m contact with the solid 
It is m equilibnum, but may be reversibly condensed by 
an infinitesimal increase m the external pressure on a piston 
confining the vapour over the solid Reversible work equal 
to p 2 V 2 ls done on the system during the condensation 
The super-cooled liquid has now been transformed by a 
completely reversible process into the solid The total work 
done by the system is given by 

p 1 V 1 +R^ln^-p i V, 

Jr 2 

The vapour is assumed to behave m accordance with 
Boyle’s law, therefore we have approximately piV x ~p 2 V 2 
And the work is therefoie, 

R0 

_ P 2 

A certain approximation was made m the above calculation, 
which should be pointed out but is unimportant The work 
done m the reversible vaponsation was taken as p x V X} and m 
the condensation as ^ 2 F 2 Quite accurately these terms 
should be ^i(F x —vj and^> 2 (F 2 — v 2 ) where fl x and v 2 are the 
volumes of the liquid and solid respectively* This would lead 

to a final expression JR0 bi~ 1 y-(p 2 v 2 —p x v 1 ) The last term is 

P 2 


5 
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very small, but that by itself is not the reason we aie uncon¬ 
cerned with it It comes from the reversible pioctsses in 
stages (1) and (m) The only piocess which measured the 
tendency of the liquid to solidity was the piocess m (n), 
namely, the expansion of the vapoui from the slate where it was 
m equilibrium with the super-cooled, liquid to the state where it 
was in equilibrium with solid, The maximum work obtain¬ 
able from this one spontaneous process is the woik with 
which we are concerned—even if the appioxnnatiou did not 
make it the only term m the hnal 1 exult 


The term RO l >£!• representing the maximum woik obtain- 
P 2 

able from the process of solidification, can be icgardul as a 
measure of some difference between the suju i-coolcd liquid 
and the solid, which is independent of any tual w dy m which 

solidification takes place RQln - 1 is the difference* between 

P2 


the free energy of the vapour at pressun p t and its fit c enugy 
at pressure p 2 We have thus measured the tendency of the 
liquid to solidify in teims of the difference m fit e energy of 
the vapour m equilibitum with liquid and solid respectively 

At the melting point of the liquid p t ~- and thus the 
tendency to solidify is zero 

Since p x and p 2 vary continuously with temperature, and 
since below the melting point p{>p 2 whilst at the melting 
point p 1 =p 2 r above the melting point p 2 must be greater 
than Pi Thus, if the superheated solid (ould exist, it w r ould 
have a greater vapour pressure than the liquid at the same 
temperature The tendency of the liquid to futze would 


be i?0 //r? * which is a negative quantity Thus the tendency 

to solidify lias become negative, that is, it has changed mto 
a tendency for xohd to melt The sign of the woik term 
indicates the direction m which tin* pi moss tends to take 
place 

We now turn to the pi oof of a pnne iph* ahead} enunciated 
It is frequently possible to d< vise inoie flun one isothermal 
reversible process by means of wln< h a system can be brought 
from a given initial condition to a given final condition By 
a direct application of the second law of thermodynamics it 
can be shown that the work done by the system m each of 
the reversible pioc< vas is the same in amount 
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Let us suppose that there are two such processes, which we 
will reler to as process i and process 2 Let the work done 
by the system when it undergoes process i be A lf and that 
done w T hen it undergoes process 2 be A 2 Let the system pass 
from its initial to its final state by process 1 A 1 is per¬ 
formed at constant temperature 0 Now let the system 
return to its initial state once more by process 2 Since A 2 
would have been done by the system had it passed from 
the initial to the final state by process 2, the reverse 
change necessitates the performance of work A 2 on the 
system 

The system has completed a cycle of changes at constant 
temperature It is back m its initial state, therefore no 
work can have been performed at the expense of its internal 
energy Moreover, its volume and pressure are unchanged 
Hence, no net work has been done on it by the external 
pressure The net work performed by the system during 
the cycle is A x —A 2 This could only have been done at the 
expense of the heat of the surroundings This is m direct 
conti adiction to the experience summarised m the second 
law of thermodynamics, for the whole cycle has been carried 
out at constant temperature If the second process had been 
carried out at a lower temperature, then the first d x —A 2 
might have had a positive value, as m Carnot’s cycle, because 
there could have been a ‘ compensating' passage of heat 
from a reservoir at a higher temperature to one at a lower 
temperatuie This m the present instance is ruled* out by 
the isothermal nature of the cycle Thus, no work can have 
been performed as a net result of the cycle Therefore 
A x A 2 —0, or A X == A 2 

Thus every process which can be devised must have the 
same value of A This fact renders the value of A indepen¬ 
dent of the specific mechanism of the device, and incidentally 
justifies the employment of A as a measure of the difference 
between two states of a system. 

We may state the result m the form that the net work 
done m an isothermal reversible cycle is zero This is a 
principle of great importance m thermodynamical calculations* 
It is necessary to guard against the error of supposing it to 
be a consequence of the conservation of energy m any way 
It is a direct consequence of the second law The first law 
would not contradict the possibility that work might have 
been done at the expense of heat absoibed 
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CHANGE OTt ST A Ih 

We may now illustrate this pi mciple, and at the same time 
show how there may be several reversible means of ti uni¬ 
forming a system, by considenng the transfoimation of one 
allotropic form of a metal into anothei We may take the 
oft-quoted example of the mterconversion of gicy and white 
tin Above the transition point the white foim is stable, 
below the transition point it tends to pass spontaneously 
into the grey foim At the transition point the two loims 
are in equilibrium, and the transformation liont oik into the 
other m the solid state is ic\eisible Ko woik is thin done 
except that depending on the dificicrtu m specific volumes, 
p(v2^ v i) At any other tempeiatuie, 0 , the tumsfoiniation 
from the unstable foim to the stable ioim is <m iniAu&ible 
change, analogous to the freezing of a supei-cooled liquid 
By a process of distillation, exactly analogous to that by 
which the reversible conveision from sup<*i~< ooled liquid to 
solid was effected, w r e can conduct the whole change m a 
strictly reversible manner We find that the woik done by 
the system when a gram molecule oi while im 1-, tinnsfornied 
reversibly into grey tin is 

rqi h &!£!L', 

Pun v 

p„ h ,u and p ouv being the respective vapour pressures. 

We have, as before, and for the same reason, omitted the 
factoi depending on the different specific volumes and the 
external pressiue The expression i< pic ■ c nts the decrease in 
free cneigy when white' tin unclei its own vapoui pi assure 
changes mto grey tin under its vapoui pnssuie 
The conversion can be brought about ieversiblj m another 
way A galvanic cell is made m which the < lee tiodes me 
respectively of white and giey tin, <uicl the electioljte is a 
solution of a salt of tin At temperatmes vheie giey tm is 
the stable form the cell possesses an dutiomotive foue such 
that when current flows giey tm is deposited on the giey tm 
electiodc and white tm dissolves Hie work which would 
be perfonned during the reversible comusion of a giam 
molecule is 11EF, where n is the valency of tin tm ions m 
solulmn, and h is the electlomotne loice of the cell At the 
transition tempnatme there* is no tendency foi citliei form 
to increase at the expe'n ,e of tin olhm, and the- He c tioinotive 
force becomes /eio, ululst ..bow the tiansition je.mt it 
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changes sign, the cnrient now tending to flow in such a 
direction that the grey tin electrode dissolves and the white 
tin electrode grows at its expense 

At any temperature the work done m these two alternative 
conversion processes is the same 

nEF=RQ h&SHit, 

r oiey 

the appropriate units of work being used 

Yet another method by which allotropic forms of a sub¬ 
stance may be mterconverted isothermally and reversibly 
will be described when we have touched upon the theory of 
solution, which we may now proceed to do 

SOLUTIONS 

Once more the general principle stands out that if a system 
tends to change spontaneously it cannot be m equilibrium, 
and if it is not m equilibrium, then a resultant force of some 
kind can be found, if the resultant force is unopposed no 
work is performed, while if a means of opposing it is found, 
then the whole change can be made to yield work The 
amount of work increases with the magnitude of the opposing 
force and has its greatest value when the opposing force 
is just equal to the diivmg force The change now takes 
place m a reversible manner, through a senes of states of 
equilibnum 

As we have already pointed out, the application of these 
ideas is very obvious m such simple mechanical systems as 
the expansion of a gas, or the movement of a particle under 
the action of mechanical forces But m deahng with physical 
and chemical changes m general the problem is to conduct 
any particular transformation m such a way that a resultant 
force reveals itself, and thus presents something to which 
mechanical opposition may be offered In the case of the 
gas expansion the resultant force is simply the difference 
between the pressure of the gas and the external pressure 
In the case of the super-cooled liquid the matter is more 
obscure, but, as we have seen, the resultant force can be 
found m the difference between the vapour pressures of liquid 
and solid In the theory of solution the osmotic pressure 
plays the decisive part 

One of the most fundamental facts about a solution is that 
the dissolved substance tends to diffuse spontaneously from 
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the more concentrated pails to the less concentutted paits 
of the solution until equality of concentration is established 
throughout This is an obvious consc quc iu e of the molecular 
nature of matter, for the molecules of the solute move about 
continually among the molecules of solvent until on the 
average there are equal numbers of solute molecules m each 
unit volume of solution The equalisation of conccntiation 
by diff usion, as we oidmanly peiccno it, is an ureveisible 
piocess A solution of uniform cone nitration does not 
separate again into a moic conccntiated and a less concen¬ 
trated portion Yet, following the geneial ti< nd of the ideas 
in this chapter, we should nifti fiom the fact that diffusion 
occurs spontaneously a difference of fice oncigy between 
concentrated and dilute solution Ibis should be capable 
of manif esting itself as external work if the* c equalisation of 
concentrations could be conducted rcvcisibly 
The device known as a semi-permeable mcmbiane, of which 
practical use is made in the measurement of osmotic piessuie, 
enables this to be clone By its aid it is possible to bung a 
solution ro\crsibly fiom anj conccntiation to auj otlni 
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We imagine a "vessel in whuh solution and solvent me 
sepaiated, as m the figure, by a movable piston A Y t the 
piston being a seim-peim* able nu rnbimte, i <\ one wbuli 
allows sohent to pass tliiough li<cl> but not solute 'Han 
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it is an experimental fact that a pressure will be exerted on 
the membrane tending to drive it upwards Since it is freely 
permeable to the solvent it moves unimpeded, while the 
solvent streams through it into the solution which thus 
becomes diluted By the application of mechanical pressure 
to the piston its movement may be stopped The mechanical 
pressure which needs to be applied to prevent the movement, 
and thus to prevent the entry of solvent into the solution, 
is said to be equal to the osmotic pressure of the solution 

If the piston is allowed to move outward unopposed under 
the influence of the osmotic pressure no woik is performed 
But if it is allowed to move outward against an opposmg 
pressure differing by an infinitesimal amount only from the 
osmotic piessure tv, then the work done is 7 xadx, where a is 
the area of the piston and d% the distance through which it 
moves This equals ndV where dV is the volume of solvent 
which has enteied the solution If the process is allowed 
to proceed so that the volume of the solution increases from 
V 1 to F 2 , then the work done is 

r Vl 

/ KdV 
^v x 

In this integral n is not constant but depends upon the 
dilution To evaluate the work the relation between tc and 
V must be known 

The dilution from volume V 1 to volume V 2 is exactly 
equivalent to the diffusion of the dissolved substance from 
a volume F a of solution into an additional volume (F 2 — F x ) 
of pure solvent 

We may say that the decrease m free energy of the solution 
during the process of dilution from volume F x to F 2 is given by 



It will be noticed that a simplifying assumption has been 
made, namely, that solvent and solution may be mixed 
without appreciable contraction or expansion This is very 
nearly true unless the solution is very concentrated to begin 
with 

The existence of an osmotic pressure m the above sense 
being an experimentally established fact, it is quite justifiable 
to use it m calculations of free energy changes without further 
enquiry into its nature Strongly expressed but quite 



72 


THFKMODYNAMICS FOR SlUDEMS OF CHEMISTRY 


unfounded objections have sometimes been raided against 
the use of the osmotic pressure m thermodynamical cal¬ 
culations But inspection of the altei native methods 
always reveals that they involve the tacit assumption of 
just those properties of the solution which ai;e most simply 
expressed m terms of the osmotic pressure 
The application of the Gibbs-Helmholtz equation leads at 
once to an inteiesting result, namely, that under ceitam 
conditions the osmotic pressure must be dnectly proportional 
to the absolute temperatuie 

Let the process to which the equation is applied be the 
reversible passage of a volume dV of solvent into the solution, 
there being no total volume change 

A=~dV 


The change in internal energy of the solution is equal to 
the heat which would be evolved if the dilution took place 
m a calorimeter without the pciformance ot woik II L be 
the heat evolved when unit volume of solvent is pouted into 
the solution, then the heat evolved when dV is added is IdV 
This is equal to U We have, then fore, 

MrdV) 
bO ’ 


KdV-ldV= 0 - 


ndV-ldV= 0 ^dV, 


dV being an arbitrarily chosen quantity, we may heat it as 
constant during the differentiation with respect to tempera¬ 
ture Moreover, although the semi-pcJineable membrane 
sweeps out a volume dV within the confines of the system, 
the total volume is assumed to remain constant We are 


thus dealing with A v and ^ 


In the case where the volume of the solution is aheady 
fairly dilute the heat of dilution will be small If it can be 
neglected wc shall ha\e 

rdV=.^dV, 

dn dO 


it 0 * 

In r—ln 0-f constant, 
it- c onstant 0. 
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CHEMICAL REACTIONS 

We have now considered free energy changes associated 
with the expansion of gases, changes of state or allotropic 
condition, the working of galvanic cells, and the diffusion of 
dissolved substances It remains to consider another great 
class of spontaneously occurring natural processes, namely, 
chemical reactions The case of reactions between solid 
substances is almost exactly analogous to the interconversion 
of allotropic forms and may be treated m a similar way 
We may therefore proceed to the case of reactions between 
gases 

The chemically reversible reaction CO+# 2 O^C< 9 2 -f H 2 
will serve as an example 

The system of gases will be supposed to be at constant 
temperature, and for the sake of simplicity, at such a tempera¬ 
ture that the reactions proceed rapidly to equilibrium. A 
mixture of carbon monoxide and steam m equivalent propor¬ 
tions reacts to form carbon dioxide and hydrogen until the 
proportions of all four gases have obtained definite equilibrium 
values The same equilibrium is reached when an equi- 
molecular mixture of carbon dioxide and hydrogen is the 
starting point Any mixture of the four gases changes 
spontaneously until an equilibrium point is reached When 
pure carbon monoxide and steam react to give an equilibrium 
mixture there is a decrease m free energy , when pure carbon 
dioxide and hydrogen react there is likewise a decrease m 
free energy On whichever side of the equilibrium a given 
mixture of gases happens to be, it tends to change into the 
equilibrium mixture with a decrease m free energy 

These changes are irreversible, moreover, if the reaction 
takes place at constant volume no work is done (It is 
necessary to guard against any confusion between the reversi¬ 
bility of the reaction m the chemical sense, which only means 
that equilibiium can be reached from either side, and thermo¬ 
dynamic reversibility The irreversibility of the changes we 
are considering consists m the fact that when the system 
passes from either side to equilibrium it cannot change back 
again out of the equilibrium state The equilibrium mixture 
cannot change spontaneously into pure carbon dioxide and 
hydrogen, or into pure carbon monoxide and steam) As no 
work is done the change m the internal energy of the sub¬ 
stances taking part m the reaction will appear as heat—the 



74. THERMODYNAMICS FOR SIUDDJSTIS Ob CHEMISi RY 

heat ol leaction Tins will be m the form of heat e\ol\cd 
when equilibnum is reached from one side, heat absorbed 
when it is approached from the other side In the reaction 
we have chosen for an example, 

CO+H % 0=CO^+H^+xo,ooo cals 
Thus, when any caibon dioxide and hydrogen ait formed at 
the expense o± carbon monoxide and -water, heat is given 
out, that is, the internal energy of the system deu eases, and 
vice versa 

It is at once obvious that the attc mpt to measure the 
tendency of the reaction to take place spontaneously by the 
heat evolved is hopeless, since the reaction will go spon¬ 
taneously with either absoiption or evolution of heat accoidmg 
to the relation of the initial piopoitions of the gases to the 
equilibrium proportions This objection does not m the least 
apply to the measuiement of the tendency by the decrease 
m fiee eneigy 

A device for carrying out such chemical (hanges m a 
reversible manner was thought out by van't Hoil, and goes 
by the name of the ' equilibnum box ' 

The equilibnum box is a closed vessel which contains m 
its sides a number of windows of dilicrent mat( nals permeable 
respectively to each separate component of the gaseous 
reaction mixture and to none of the otheis It docs not 
mattei whether such a contilvance is realisable m practice, 
although as a matter of fact a vessel nnule of palladium is 
completely permeable to hydrogen at high tempr latures, and 
not to any other gas, so that the pi maple of the equilibnum 
box is accurately realised m this one instance at least 
We have now to imagine carried out a ^lightly cumbrous 
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process whereby a given mixture of carbon monoxide and 
steam may be converted reversibly into carbon dioxide and 
hydrogen The figure shows the equilibrium box, m which 
a > b , c, and d are respectively permeable only to carbon 
monoxide, to steam, to carbon dioxide, and to hydrogen 
Let the enclosure contain a mixture of all the gases in equili¬ 
brium, the concentrations being c v c 2 , c 3> and c 4 respectively 
We are supposed to be given a gram molecule of carbon 
monoxide at the concentration C lt and a gram molecule of 
steam at C 2> these being quite arbitrarily chosen concentia- 
tions * It is requned to find the amount of work which can 
be obtained when these are converted reversibly into carbon 
dioxide and hydrogen at the concentrations C 3 and C 4 
respectively, these, likewise, being arbitrarily chosen 
The carbon monoxide and the steam are respectively 
compressed or allowed to expand until their concentrations 

* We suppose the gases not to be mixed at the start This, however, is 
not essential to the proof as gases m a mixture at concentrations C 2 and C 8 
can be separated reveisibly and without the expenditure (01 gam) of any work 
The method is as follows, the idea being due to Planck 


(a) 


A__B 

aT b 71 

Gas 1 and Gas 2 

D f [_C] 

D C 


B' 

Gas 1 and Gas 2 

i_ C 

D 


A B 



A' 

' 

B' 

(.to 

Gas 1 


Gas 2 


O' 


C' 


j 

D 

C 


Fig 6 

A BCD makes a gas-tight fit ovei A'B'C'D', and may be moved m and out 
There are gas-tight joints which permit this 

B'C' is poi ratable to gas 2 but not to gas 1 
AD is permeable to gas 1 but not to gas 2 
By pulhng out from position (a) to position (b) the gases are separated 
reversibly and vithout expendituie of work, the final concentration of each 
sepaiate gas being equal to its concentration in the original mixtuie 
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alter to the corresponding equilibrium box values, c r and c a 
If the volumes have to change from V 1 to v x and liom V 2 

to v %) the work done in the two cases is RQIn * and RO In 2 , 

* i V 2 

and, since concentration is mveisely proportional to volume, 

C Co 

we have A x =R0 In 1 ctnd A 2 ~R0ln- 2 
C 1 ^2 

We have now brought ieveisibly one gram molecule of cadi 
from the given initial state to the concentration pi evading 
in the equilibrium box Each can now be placed m contact 
with its appropriate window a or b, without any irreversible 
diffusion taking place, and can then be slowly intioduced 
into the equilibrium box tluough its stum-pa me able mem¬ 
brane Inside the box reaction is supposed to take place 
rapidly As the carbon monoxide and steam r< act equivalent 
amounts of carbon dioxide and hydiogt n arc formed and aie 
continuously removed thiough c and d respectively at the 
concentrations c 3 and c A Duiing the whole process the state 
of affairs inside the equihbuum box rtmains unchanged 
No work is done during the piocess, since that required to 
push the carbon monoxide and steam leversibly into the 
enclosure is exactly balanced by that'whuh is perfoimcd 
when the carbon dioxide and lijdiogcn aie removal 
The concentrations of the carbon dioxide and of the hydro¬ 
gen are now respectively alleicd from c z and c A to and C 4 , 
whereby the voik done by the gases is giv< n 11ms * 

A 8 —A’0/;> and J 4 — A’O Inf* 

The total woik m the whole pica ss is J t -| A a -| J a -j A 4 , thus 

A=Rb\ln C A tf/ a 4 /«/«[. 

. C 1 C 2 <3 ( 4 / 

or A -ln ClCt ■ 

It will be noted that if C Jf ( s , ( (\ aie equal to the 

equilibnum concentrations, A - o 
Again, if we stait with concentrations of carbon monoxide 
and hydrogen greater th<m tin* equilibnum comuilialions, 
le f c 3 and ( ( it and inn h with carbon dioxide and 

* tlw tcmib A't/ In. «itul h.iv* the equihbuum com< utrations m 

* r 4 

the num< latoi, mw< \,t‘ ui< t al< ulutmr th« t wl v tlow bv lh< s>st» lit m t ach 
cabi* iliic is only i*o itiv« U t, *s than C», Us 
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hydrogen at the equikbiium concentrations, 1 e C 3 =c 3 , and 
C 4 =c 4 , A is positive, whilst if C 1 <c 1 and C 2 <c 2 , it is negative 
We shall have occasion to return to the above equation 
later in dealing with the law of mass action, which follows 
almost immediately from it 

SUMMARY 


To summarise the results of the present chapter—all 
spontaneously occurring processes may be made to yield 
work if conducted reversibly The work performed by a 
system changing at constant temperature from a given initial 
state to a given final state by several alternative processes 
has a maximum value for a reversible process, and the same 
value for all reversible processes This constant maximum 
value is equal to the decrease m free energy of the system 
(by definition) 

It is for many purposes convement to separate the net 
work done against the external pressure as a result of any 
volume changes from the remainder of the work The 
difference made by subtracting the work of expansion is 
usually small Two phases of a substance may be m equili¬ 
brium under an external pressure, when the phase of smaller 
specific volume passes into the phase of larger specific volume, 
reversible work to the extent of p(v 2 —v 4 ) is done, but any 
other work must be zero at the equilibrium temperature 
The total work performed by a system which has undergone 
a cycle of reversible changes at constant temperature is zero 
By conducting a reversible process at the temperature 0, 
and reversing at 0—iQ, a relation between the maximum 
work at constant volume and the change m internal energy 
of the system is found 


A v — 


U=8 


*A V 

b0 


An analogous equation may be found for changes taking 
place subject to conditions other than constancy of volume 
The calculation of A m the case of change of state depends 
upon the difference in the vapour pressures of the two forms, 
m the case of solutions upon the existence of the osmotic 
pressure, and m the case of chemical reactions between gases 
upon the use of the van’t Hoff equilibrium box 



CHAPTER V 

APPLICATIONS OF THE ISOTHERMAL REVERSIRLF CU11- 

From the discussion of the previous cliaptu the pimciplc 
emerged that the net woik done by <1 system tiauismg an 
isothermal reversible cycle is zeio An exactly equivalent 
statement is that if a system can pass from an initial to a 
final state at constant temperatuie by two 01 more ievtrsible 
piocesses, then the amount of work done is the same in each 
case This is at once scen to be true by imagining the sj stc m 
to change from the initial to the final state 1 by one process, 
and then to be brought back again to its initial stale by the 
second pioeess, when the net woikpeiformed is ran A third 
way of stating the principle is to say that the dociease in 
free energy attending the passage of a system fiorn one stale 
to another is a characteristic quantity nidt pendent of the 
particular leveisible path chosen lor the puiposc of evaluating 
the fiee eneigy change 

A few applications have alieudy been considers d in llhis- 
tiation ot the pimciplc In tins shaptcr fiutln i applications 
will be given for then intrinsic lnipoitance, and to lllustiatc 
vanous methods of attack cm specific problems 

HIE THEORY 01 ' SOLUTIONS 

Van’t Iloff showed how the tendency of a solute to diiiuse 
could be made the basis of a thermodynamical theoiy of 
solutions The ftee eneigy changes accompanying the 
dilution of a solution an* calculated in terms of tile osmotic 
ptessuio 

We shall follow vanT Hoff’s method, dcspite the* objection 
which has sometimes bun laised that the osmotic pressure 
is not a propelly of fundamental impoit.ime This objef turn 
seems to lx* without any validity at all The suond law of 
theimodynaniies can be regaided as a (Inert consequence of 
the molenil.ir-kinetif natuie ot matter This ruuknilar- 
kinetie natuie shows it-elf m its nm t primitive foiin m the 
tendency ot a solute to dittusi m solution The osmotic 

7tS 
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pressure is the direct measure of this tendency Thus, fiom 
the theoretical point of view the osmotic pressure is the most 
fundamental property of the solution That its practical 
measurement is difficult is irrelevant Thermodynamics 
introduces it only m the intermediate stages of the deriva¬ 
tions , it does not necessarily enter into the final results 

We have seen that when a solution is diluted reversibly 
by the movement of a semi-permeable membrane so that a 
volume dV of solvent enteis the work performed by the 
system is ndV, where ir is the osmotic pressure Conversely, 
to concentrate the solution by pushing m the piston so that 
a volume dV of solvent leaves the solution, the osmotic woik 
ndV has to be perfoimed on the system 

LOWERING OF VAPOUR PRESSURE 

Every solution of a non-volatile solute has a lower vapour 
pressuie than the pure solvent If the solute is itself volatile 
the total vapour pressure of the solution may be greater or 
less than that of the solvent, but the partial piessure of the 
solvent m the vapour over the solution is always less than 
the vapour pressuie of the puie solvent It is clear on general 
grounds that this loweiing of vapour pressure by a dissolved 
substance is intimately connected with the existence of an 
osmotic pressure For the existence of an osmotic pressure 
means that work must be done m concentrating the solution 
When a solution loses solvent by evaporation it becomes 
more concentrated This involves the performance of osmotic 
work On the other hand, osmotic work does not have to 
be performed m this way when the vapour leaves the pure 
solvent Hence, the solution has less tendency to vaporise 
than the solvent, and possesses a lower vapour pressure 

This difference m vapour piessure between solvent and 
solution may be made the basis of a process for carrying out 
the dilution of the solution m a reversible manner, just as 
the analogous difference in vapour pressure between solid 
and super-cooled liquid was utilised for the calculation of the 
free energy m the example discussed m the last chapter 

The operation is conducted m the following three stages 
For simplicity it is assumed that the solvent only is 
volatile 

( 1 ) dn gram molecules of solvent vapour are allowed to 
vaporise under the actual vapoui pressure of the solvent 
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Work porfoimed by the s}btun--jV 0 
(11) If this vapour weie placed m contact with the solution 
it would condense 11 reversibly, because its prtssuie is greater 
by a finite amount than the vapour pressure ol the solution 
In older that it may be condensed reversibly into the solution 
it must first be allowed to expand isotheimally until its 
pressuie falls to a value ft, at which it is m equihbiium with 
the solution This is the new vapour piessuie 


The work performed m this expansion is duRQln (1 e 

L ft 

RO ln^ per gram molecule) if flic vapoui obejs JBojIt’s law 

(111) Tlic volume of the vapour is now v A piessuie p is 
now applied and the whole is condensed into the solution 
Work peifoimed on the sysk m—pv 
Using once moie the assumption that the vapour obeys 
Boyle’s law, we see that this term pv cancels the term p 0 v 0 
of the first operation 
We are thus left with h 

d.ili 0 /<" 

P 

as the decrease in lice encigy attending tn< dilution of the 
solution with in giam molecules ol solvent 


RELATION OF OSMOTIC PRESSURE TO LOWERING OF VAPOUR 
PRESSURE 


Decrease in fiee energy ol solution when diluted with 
volume dV of solvent, calculated osmoticsdly 

~.rdV 


Decrease m free energy of solution when diluted with 
in gram moleeulis of solvent, tabulated from vapour pres¬ 
sures -diiRQtif 0 ’ 

P 


Provided that i\ be cliosui so as to be the volume of liquid 
solvent which gives in giam moheulis of solvmt vapour, 
these two expussious must be equal 

TtclV-=dnKO l, A 

P 


•K 


dn . Z> 0 
* , T ,R 0 ln\° 
d\ ft 
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may be transformed as follows dn gram molecules of 

solvent vapour=M 0 ^ grams, where M 0 is the molecular 
weight of the solvent as vapour 
This mass of solvent occupies a volume dV htres or 1000 dV 
c cs as liquid 


Hence 


M 0 dn 


iooo dV 
grams per c c 


= p, where p is the density of the solvent m , 


Therefore 


dn _iooop 


Mq p 

This 1 elation between the osmotic pressure of the solution 
and the vapour pressures of solvent and solution holds good 
only when the vapour of the solvent behaves m accordance 
with Boyle's law When the vapour pressure is not very large 
this assumption is not far from the truth M 0 , it should be 
remembeied, is the molecular weight of the solvent m the 
vapour state This is important because the molecular weight 
m the vapour state usually has the simple value indicated 
by the chemical formula, while the actual molecular com¬ 
plexity of the solvent m the liquid state is often a matter of 
considerable doubt 

As an example of the use of the above equation we may 
calculate indirectly the osmotic pressure of a certain benzene 
solution of a non-volatile substance, the vapour pressure 
at 30° C is found to be no 1 mm , while that of pure benzene 
at the same temperature is 120 3 mm 

In deriving the formula we measured the volumes m htres , 
it will be convenient to calculate the osmotic pressure m 
atmospheres R must therefore be measured m litre-atmo¬ 
spheres, m which units its value is 0 0821 

p=density of benzene at 30°=o 83, 
M 0 =molecular weight of benzene vapour—78. 


0=273+30=303. 

1000 X o 83 x 0-0821 x 303 
Therefore re= --- 

/iooo X 0 83 X o 0821 X 3 ° 3 \ 

78 


In 


1203 
'no i # 


x - 120 3 , 

j X 2 303 log 10 atmo- 


spheres 

6 
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If p 0 and p are not very widely different. In ~ is approxi¬ 
mately equal The simplified form is often used 

pQ—p __ 

p iooopi£0 


We then have 


CONSEQUENCES OF TIIE VAPOUR PRESSURE LOW* RING ELF- 
VATI 0 N OF BOILING POIN 1 AND DEPRESSION OF 
FREEZING POINT 

The well known elevation of the boiling point and dt pie won 
of the freezing point of a solvent by a dissolved snbstaw e are 
direct consequences ol the lowenng ol the vupoui pleasure 
They are thus related to the osmotic prcssuic We have seen 
that the existence of osmotic piessure makes it ntetssary 
that work should be done when a solution is concentrated* 
The consequence is that vapour leaves the solution It ss readily 
than it leaves the pure solvent Loss of solunt either by 
boiling off or by freezing out tends likewise to roneentiate 
a solution Hence a solution freezes and boils les^ readily 
than a pure liquid In othci words, the boiling point is 
higher and the freezing point lower 


ELEVATION OF BOILING POINT 

Small elevations of boiling point may be calculated as 
follows 

At the boiling point G of the pure solvent its vapour pr< ssuic 
p 0 is equal to the external piessuie 

At 0 the vapour pressure p of the solution is less than 
that of the puie solvent by an amount /> 0 - fi-~ Ap 

To cause the solution to boil either the external piessure 
must be lowered or else the tempeiafmc must he uhiI by 
an amount AO sufficient to increase the vapour piessuie by 
Ap, and thus make it equal to the external piessuie 

For small differences where ^ is the rate of 

AO a 0 d 0 

P 


In 1 


Smce 


-T >P%-P 

'M — p * 

P* P J 

P “ 
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change of the vapour pressure of the solution with temperature 
m the neighbourhood of 6 

At the beginning of Chapter IV we found for the variation 
with temperature of the saturated vapour pressure 
dp __ l 

dd 0(v 2 —^1) 

This may be simplified by neglecting v ± the specific volume 
of the liquid m comparison with v 2 that of the vapour, and 
multiplying top and bottom by the molecular weight of the 
vapour, we then have 

A p_L_ 

ag^of' 

where L is the molecular latent heat of the solvent, which 
for dilute solutions we may take as equal to that of the 
solution, and F is the molecular volume of the solvent vapour 
If the solvent vapour obeys Boyle's law p V—RQ, and, 
substituting for F, we obtain 

A p L 

A6 Rtf' 

Po 



AG L 
RQ 2 ' 


p 0 -p ^AQL 

Po RQ2 

But from the relation between osmotic pressure and 
lowenng of vapour pressure we have approximately 


Po—P = M 0 n 
p 0 looopRQ 

Since p Q and p do not differ very much 


Therefore 


A 9 L _ M 0 tz 
R^ ~iooo pR® 


. . Mn 7T 0 TT0 

A 0 = -—=- y 

1000P L 1000p L 

where l is the latent heat of vaporisation per gram of solvent 
This gives the elevation of boiling point m terms of the 
osmotic pressure 

The formula is only approximate, and applies only to small 
elevations The assumptions made which limit its generality 
are 
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(I) That the elevation is sufliuently small to justly the 

Mf> dp 

use of the approximation at 0 

(II) That the solution is sufficiently dilute to possess a 
latent heat of vaporisation practically equal to that of the 
solvent—or more strictly that the latio of the two latent 
heats is not far from unity 

(in) That the vapour of the solvent boha\es m n< <01 dance 
with Boyle's law. 

DEPRESSION OF FREEZING POIM 

This may be calculated m an analogous manna to the 
elevation of boiling point It is assumed that solute docs 
not freeze out with the solvent m the form of im\< cL ayslals 
At the freezing point of the solvent the vapour pressuics of 
liquid and solid solvent aie equal Othenvise they could not 
remain m equilibrium At this tempeiaturo the vapour 
pressure of the solution is lower than that of the pun liquid 
solvent, and, therefore, than that of the solid At some 
temperature, however, a point may be found at which solid 
solvent and solution have the same vapour piesvuie This 
will be the freezing point of the* solution, her .-list at this 
temperature there is no tendency foi vapoux to distil eithei 
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from solid to solution, or vice versa, so that the two are m 
equihbrium That the freezing point of the solution must 
be lower than that of the solvent is easily seen from the 
relative position of the three vapour pressure curves m the 
figure The vapour pressure curve of the hquid solvent must 
be less steep than that of the solid, because the liquid curve 
produced must he above the solid curve This is shown by 
the dotted curve, and merely represents the familiar fact 
that the super-cooled liquid must have the higher "vapour 
pressure 

Let^> 0 — be the difference m vapour pressure between 
the liquid or solid solvent and the solution at 0, the freezing 
point of the solvent 

We have to find a temperature decrease A0 such that the 
corresponding difference m vapour pressure between solid 
and solution falls from A p to zero The vapour pressure of 
the solid falls with temperature according to the equation 

"==—>, while that of the solution falls at the rate 
d 0 0F dQ OK 

where L a and L t are the molecular latent heats of vaporisation 
of sohd and liquid (the latter taken as equal to that of the 
solution) and V is the volume occupied by a gram molecule 
of the vapour It is to be noted that since L s is greater than 
L lt the vapour pressure of the sohd falls more rapidly than 
that of the solution Thus, although greater to begin with, 
it will presently become equal to that of the solution The 
relative late of change of vapour pressure of solid and solution 
will be 

<*(£«—&) _#« d Pi_ L >~Li 
dO dO dO OV 
L 

~ov' 


where L is the molecular latent heat of fusion, since from 
the first law, heat of vaponsation of solid—heat of vaporisation 
of liqmd=heat of fusion of solid 
The relative change in vapour pressure required is A p, 

Lp_L 

so that A0 — OV 


From this we find in exactly the same manner as m the 


last section 


A 0 = 
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with the difference that l is now the latent heat of fusion 
instead of the latent heat of vaporisation of the sol\cnt 

THE RELATION BETWEEN OSMOTIC PRTSSURI AND 
CONCENI RATION 

In order to make further use of the equations which ha\e 
just been found, it is necessaiy to know the 1 elation between 
the osmotic pressure of a solution and its concoitiation lo 
arrive at this knowledge we lequiro considerations oi a moie 
specihc nature than those based pinely upon the second law 
of theimodynamics Given the existence of the osmotic 
pressure the second law is sufficient to establish tin necessaiy 
connection between this and the vanous phenomena assoc luted 
with lowering of vapour piessure To go a step hnthei and 
connect the osmotic pressure with the conrentiation of Hie 
solution, we need a moleculai theory of osmotic pussuu. 
For the purposes of theimodynamics, a purely cru pineal 
relationship, based upon the icsult of txpuiment, is equally 
useful 

Van't Ifoif showed that m the case of sufficient!} dilute 
solutions the osmotic piessuxc is equal to the piessuie which 
the solute w r ould exert if it occupied the same volume in the* 
state ot gas A law analogous to Boyle's law applies to 
dilute solutions , thus the osmotic piesnne can lx calculated 
from the equation irU'-AO wheie n is the osmotic pn vuh, 
and the concentration of the solution is such tii.d i giam 
molecule of solute occupies V lilies R has tI k same \uJue 
as in the gas equation. If the com en tuition of tin solution 

be c gram molecules pu litre, c- and tluu r - c RU hxpen- 

menl confirms this relation m the case of dilute solutions 

DILUTE SOLUTIONS 

Foi the loweung of vapoui piessure we have found tin* icsult 

Ri) Intioducmg the van't ifoft \alu< foi 

M 0 p 

the osmotic pressure, this become s 

1(^00 p r - A? Pq . pn C.t/rt 

cAO——■ zzrZRQln*-* or hr-”- —2* 

M7 ( , p p JOOOp 

llns may be put m a still simpler form c ns the number 
of gram molecules of solute in a htu of solution 
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iooo p== total mass of solvent m a litre of solvent* 
=total mass of solvent m a litre of solution 
approximately 

Therefore P == number of gram molecules m a litre 


Therefore 


and 


cM q n 

-- may be wntten as —» 

iooo p J N 

or hz± = '±, 

P N p 0 N 


where ~ is the ratio of the number of molecules of dissolved 

substance to the number of molecules of solvent This is 
the form m which Raoult empirically established the law of 
vapour pressure lowering m dilute solutions 

Elevation of boi 3 mg point or depression of freezing point 
now becomes 


ttO = cRQ 2 
1000 pZ 1000 pi 

where l is either the latent heat (per gram) of vaporisation, 
oi of fusion of the solvent 

An important quantity, practically, is Raoult's ' Molecular 
Elevation of Boiling Point/ or ‘ Molecular Lowering of 
Freezing Point' The same derivation applies to either, 
provided l is given the 7 appropriate meaning We may 
therefore consider the * Molecular Lowering of Freezing 
Point' only 

This is defined as the depression of the freezing point which 
would be caused by one gram molecule of the solute dissolved 
m ioo grams of the solvent It is therefore the value of AO 
for this value of c 

c, however, must be measured m gram molecules per litre 
We must, therefore, find to what one gram molecule m ioo 
grams corresponds when expressed m gram molecules per litre 

i gram molecule m ioo grams solventEEio gram molecules 
m iooo grams of solvent 

=rop gram molecules m iooo c cs of solvent, where 
p=density of solvent 

Thus, o, m the above formula, must be iop , A0 will then 
be K, the * molecular lowering ' 

_ IQ P _ 026 2 

~~ iooop Z~~"ioo/~” l 

since R=2 calones (measured m the same units as /). 
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MORE CONCENTRATED SOLUTIONS 

In concentrated solutions the osmotic pressuic is found to 
be greater than that calculated fiom van’t Hoff’s law Since 
the vapour pressure lowering, the elevation of boiling point 
and the depression of freezing point are all directly propor¬ 
tional to the osmotic piessure, these will, m the case of more 
concentrated solutions, all be greater than the values calcu¬ 
lated from the equations ]ust established for dilute solutions 
Accoi dmg to the van’t Hoff relation r.=cR 0 , the osmotic 
pressure is directly proportional to the concentration Hence, 
for dilute solutions the depression of freezing point is propor¬ 
tional to concentiation, but for more conccntiated solutions 
doub ling the concentration pioduces mon than double the 
freezing point depression 

Many equations have been suggested foi the representation 
of the osmotic pressure of solutions which aie not dilute 
In every instance, and despite occasional cl.ums to the 
contrary, they depend upon the introduction of additional 
constants which have to be evaluated fiom the oxp< nmental 
data themselves In those depending upon hydration 
theories, for example, the degree of hydration has to be fixed 
ad hoc 

The best of the one constant equations is that of Sackur, 
■KiV-b) =R 0 , 

where b is an arbitrarily chosen constant The value of * 
found from this could he substituted in all the equations we 
have so far denved, which would then be applicable to much 
more concentrated solutions. 

OSMOTIC PRESSURE AND GAS PRESSURE 

It may be shown that if a ceitam condition is fulfilled, 
then the equality of osmotic pressure and gas pressure is a 
thermodynamic necessity. But the condition in question is 
already rather a specialised one, itself implying some sort of 
analogy between the behaviour of the solute and the behaviour 
of a gas It is that the solute behaves m accordance with 
Henry’s law llus law states that the concentration of a 
volatile solute in the solution bears a constant ratio to its 
concentration m the gas phase over the solution. For the 
purposes of the argument, all solutes, even those commonly 
regarded as completely non-volatile, have to be supposed to 
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exist m small concentration m the gas phase as well as m 
solution If the concentration m this gas phase is directly 
proportional to that m solution, then the osmotic pressure 
exerted by the solute m solution must be equal to that which 
it would exert if present as a gas occupying the same volume 
The proof depends upon a reversible isothermal cycle We 
previously had occasion to derive a relation between the 
osmotic pressure of the solute and the vapour pressure of the 
solvent Now we have to find a relation between the osmotic 
pressure and the vapour pressure both of the solute The 
procedure must therefore be modified By comparing care¬ 
fully the following cycle with that used m finding the lowering 
of vapour pressure some insight may be gained into the 
method of devising cycles for particular purposes 
We think of the solvent as non-volatile, or separated from 
the vapour region by a membrane permeable only to the 
vapour of the solute There is also a semi-permeable mem¬ 
brane which lets through liquid solvent but not solute* 

Solute 

Vapour 


Solution 


Solvent 


Fig 8 

The osmotic pressure of the solute in solution is n 
The pressure of the solute m the vapour phase is p Q 
The following cycle is carried out 
(1) A volume V of solvent, which would have contamed 
a gram molecule of solute, is separated osmotically from the 
solution The work done on the system is nV n does not 
alter during this operation because simultaneously a gram 
molecule of solute is allowed to vaporise from the solution 
under the pressure p 0 Let this occupy the volume v 0 The 
system does work p 0 v Q p 0 remains constant, since the osmotic 
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separation of solvent and the vaporisation of solute aie 
carefully balanced so that the concentration of the remaining 
solution is left unchanged 

The total work done by the system is thus ^ 0 v 0 — nV in 
this stage 

(u) The solute vapour is expanded from v 0 to an indefinitely 
large volume v„ The system thereby docs work 


Rdln V -^ 


(in) It can now be placed m contact with the pure solvent 
separated m (1), and reversibly compressed into it The woik 
done on the system is 


ft 


pdv 
> 

Wc require to know the value oi p at any stage It is 
not given by pv=KQ, since some of the original giam molecule 
has actually gone into the liquid Ihts is wheic Ikniy's law 
comes m 

If the volume V of liquid contained i giam molecule of 
solute, the pressure in the gas phase would be p Q When 

the pressure is p, it means that the amount m solution is f 

Po 

of a gram molecule. Thus, the amount still undissolved 
is fi—r ) gram molecules 

pv=nRQ lox n gram molecules, 


Po 
Since 

therefore 


pv- 


i—p JR0 ; whence p~ 
do 


PqR 0 
{ko | p 0 v) 


dO 

Therefore Jpdo=p (l R 0 j ^ 


JJi(> (im-p 0 v m ) 
- pi bt - A'O 


h-L 

KO v 0 


since 
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We now have the status quo 

The work done by the system in stages (11) and (m) is 


or 




V 

Since —? may be made as small as we please 
V 00 

Thus the net work done m the cycle is p 0 v 0 —nV 
This must by the second law of thermodynamics be zero 
Therefore p 0 v 0 =nV This is the desired result 
It is to be noted that Heniy’s law had to be introduced m 
stage (m) If another law had been used the work terms m 
(11) and (m) would not have cancelled 


TIIE NATURE OF OSMOTIC PRESSURE 

In a strictly formal treatment of thermodynamics the 
discussion of this problem would be out of place But since 
it is desirable to keep the molecular basis of the thermo¬ 
dynamical laws as clear as possible, and since the osmotic 
pressure is the simplest measure of the diffusion tendency 
to which thermodynamical reasoning can be applied, it will 
be worth while to discuss briefly the molecular side of the 
subject It is also interesting to compare the rigidly thermo¬ 
dynamical method with the method of more direct attack 
Any deductions which may be made from the second law of 
thermodynamics about a particular phenomenon must depend 
only on the general molecular kinetic character of the pheno¬ 
menon m question, and not on its specific nature It is 
obvious therefore that thermodynamics cannot provide a 
complete solution m general, it is indeed remaikable that 
detailed properties are so closely defined as they frequently 
are by the general principles 

With regard to osmotic pressure, we have seen that the 
laws of thermodynamics yield the following information 
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(1) If the heat of further dilution of the solution by solvent 
is negligibly small, the osmotic pressure is directly propor¬ 
tional to the absolute temperature 

(2) If the concentration of the solute m solution may be 
regarded as directly proportional to its concentration m the 
vapour over the solution (Henry’s law), then the osmotic 
pressure is equal to the gas piessuie, and given by the equation 
■kV=R0 

(3) When the solution is not too concentrated the relative 
lowering of vapour pressure, elevation of boiling point, and 
depression of freezing point of the solvent are directly 
proportional to the osmotic pressure of the dissolved sub¬ 
stance 

These results are of course independent of the specific 
mechanism of osmotic pressure 

It must also be remembered that we started by assuming 
the existence of osmotic pressure as an experimental fact 
We could have started by taking the lowering of vapour 
pressure as the experimental fact, and inferred from this that 
work must be done m separating solvent from solution by a 
semi-permeable membiane, thus discovering the existence ot 
an osmotic pressure But one or other had to be assumed 
first We will now consider the kinetic theory both of 
osmotic pressure and of vapour pressure lowering, we will 
take vapour pressure lowering first. 

Consider unit area of the surface of separation of liquid 
solvent and vapour During each second a certain fraction 
of all the molecules in the surface of the liquid acquire by 
collisions a sufficiently large outwardly directed velocity to 
escape from the liquid into the vapour space m spite of the 
attractive forces holding them m the liquid During each 
second a number of molecules from the vapour space impinge 
upon the surface of separation, and of these a certain fraction 
condense Since, moreover, the number of impacts of mole¬ 
cules from the vapour on the surface of the liquid is pro¬ 
portional to their concentration m the vapoui phase, we 
have 

Number of molecules evaporating— k x x number of molecules 
of solvent present m unit area of the surface 

=k x N 

Number of molecules condensmg=fe 2 x concentration of mole¬ 
cules m vapour space 

ki is smaller the smaller the fraction of the total number 
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which evaporate per second, it is therefore smaller the 
greater the attractive forces which retain the molecules 

For equilibrium at constant temperature the rate of 
evaporation must be equal to the rate of condensation 

Therefore, 

k 1 xN=k 2 x concentration m vapour space=& 3 Xpressure of 

vapour, 

~^3po 

k N 

Thus at equilibrium oip 0 ~-~- 

k 3 

Since N is constant at constant temperature, the \apour 
pressure p Q is constant 

Now consider unit area of the surface of separation of 
solution and vapour Since we are dealing with the partial 
pressure of the solvent vapour we may simplify matters by 
regarding the solute as non-volatile The vapour pressure of 
the solvent is now no longer given by 


, , , , 
A=t~ but by^= 


kj'N' 


each one of the quantities being modified by the presence of 
the solute in a way which must be determined 

N' will m general be less than N since a certain proportion 
of the molecules m the surface of separation are solute 
molecules which either do not evaporate, or if they do 
evaporate contribute nothing to the partial pressuie oi the 
solvent vapour This tends to reduce p as compared with p Q 
In the case of a solution, k / is dependent on two factors, one 
refernng to molecules of the solvent w 7 hich ate out of the 
range of the attractive forces of the solute molecules, and one 
referring to those which are within that range In the case 
of a dilute solution the first factor will predominate tending to 
keep ki the same as k ly but whether those molecules within 
range of the attractive forces of the solute molecules evaporate 
more frequently or less frequently depends upon whether the 
attractive force between a solute and a solvent molecule is 


smaller or greater than that between two solvent molecules 
There are many independent reasons for believing it to be 
greater Thus the net result will be a value of k x ' which is 
slightly less than k x This again operates m the direction of 
a lowered vapour pressure k z r will be rather greater than 
k z , since the number of impacts of vapour molecules on the 
surface of separation is unchanged while the pioportion 
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leading to condensation is probably slightly greater owing 
to the superior attraction of solute molecules for solvent 
molecules This also leads to a lower value of p It is 
possible that N' might be greater than N if a very large 
contraction m volume accompanied solution, so that the 
volume occupied by the solution was actually less than that 
occupied by the solvent This, however, could only come 
about as a result of very large attractive forces between 
solvent and solute The diminution m k / would m this 
case be so great as completely to outweigh any increase 
m N' 

It will be seen that even this incomplete and qualitative 
discussion has involved us m assumptions about the nature 
of solutions which did not enter into the thermodynamic 
calculations But we are going rather beyond the scope of 
the original inquiry which was not to ascertain the fact of 
vapour pressure lowering, but merely the relation between an 
assumed lowenng and an inferred osmotic pressure, or an 
assumed osmotic pressure and an inferred lowenng of vapour 
pressure 

Given, however, the circumstances which we have postu¬ 
lated to explain the lowenng of vapour pressure we can 
explam kmetically the existence of osmotic pressure also. 
For consider unit area of a semi-permeable membrane, with 
solvent on one side and solution on the other The mechanism 
of the membrane does not matter, it is not probable that all 
semi-permeable membranes work m the same way We may, 
howevei, for the sake of a concrete example, suppose its 
action to be due to selective solubility It dissolves solvent 
but not solute Mutatis mutants, the following argument 
would apply to any other kind of semi-permeable membrane 
Equilibrium is estabhshed when the number of solvent 
molecules entering the membrane from the solvent side is 
equal to the number leaving the membrane on that side, and 
when also the number entering the membrane on the solution 
side is equal to the number leaving it on that same side 
The molecules of solvent which dissolve m the membiane 
are those which impinge upon it possessing sufficient energy 
to overcome the forces holding them m the liquid This 
number is smaller on the solution side of the membrane for 
precisely those reasons which cause the lowering of vapour 
pressure, namely because the number present per unit area 
is less, owing to the presence of the solute, and because some 
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are held back more firmly owing to the superior attractive 
force between solute and solvent However the relative 
weight of these two factors may vary, it will vary m the same 
way m the case of vaporisation as m the case of entrance mto 
the semi-permeable membrane If a larger number of solvent 
molecules enter the membrane from the solvent side than 
from the solution side there will not be equilibrium , solvent 
will stream through the membrane into the solution The 
pressure which must be applied to prevent its entry is the 
osmotic pressure 

Lowering of freezing point will be illustrated kmetically 
when we come to consider the phase rule 

In the present state of knowledge regarding the forces 
between molecules m solutions it has not been found possible 
to calculate the actual magnitude of the osmotic pressure on 
the basis of the theoiy just outlined Van’t Hoff attacked the 
problem in a way which although not free fiom objection is 
not at variance with the foregoing He attnbuted the 
osmotic pressuie to the bombardment of the membrane by 
the solute He assumed that the kinetic energy of the solute 
molecules is on the average that which they would possess 
m the gaseous state at the same temperature This is con¬ 
firmed by the experiments of Perrin, who, by extending the 
thesis even to colloidal particles, has justified the assumption 
by making with its aid fairly accurate determinations of 
the number of molecules m a gram molecule When the 
solution is sufficiently dilute for solute molecules to be without 
influence on one another this leads to the result that the 
solute should obey the gas laws The application of this 
law of van’t Hoff we have already seen 

It is easily seen that the bombardment pressure of the 
solute is identical with the osmotic pressure, defined as the 
pressure which must be applied to the solution to prevent 
inflow of solvent through the semi-permeable membrane. 
Imagine solvent and solution to be separated by a membrane 
which is not permeable to either No resultant pressure is 
exerted upon it which would urge it to move through the 
liquid m any direction The pressures on each side are equal. 
Pressure cannot be exerted by a liquid by any means other 
than molecular bombardment Thus the total bombardment 
pressure on solvent side = total bombardment pressure on 
solution side=bombardment pressure due to solvent molecules 
-(-bombardment pressure due to solute molecules 
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Therefore, 

Piessure due to solvent Pressure due to solvent 
molecules on solvent side — molecules on solution side 
of membrane of membrane 

=bombardment pressure due to solute molecules 
Tire left hand side of this equation is the pressure which 
would urge the solvent through the membrane if the latter 
were semi-permeable, and is therefore the pressure which 
must be applied to the solution to stop the solvent from 
entering, that is the osmotic pressure Thus osmotic pressure 
==bombardment pressure of solute 
The following difficulty is sometimes felt, and is only 
mentioned here because remarkably enough it is not confined 
to elementary students If an applied hydrostatic pressure 
can prevent the entry of solvent why cannot the bombardment 
pressure of the solute ? Why m fact is the osmotic pressure 
not exerted the othei way round ? This difficulty depends 
of course upon a complete misunderstanding of the kinetic 
nature of pressure, and the explanation is simple The 
difference between the bombardment pressuies of the solvent 
on the two sides of the membrane measures its tendency to 
flow through, because the bombardment pressure on a given 
side of the membrane is pioportional to the number of mole¬ 
cules which stake it, and therefore m turn to the number 
which pass through If there is any difference on the two sides 
it means actually that more molecules of solvent are streaming 
one way than the other way This, of course, cannot be 
balanced by independent collisions of a foreign substance, 
the solute, on the membrane On the other hand a hydro¬ 
static pressure, whether exerted by a piston or by gravity, is 
transmitted by collisions through the solvent itself, and thus 
increases the actual solvent bombardment on the membrane 
until it is equal to the bombardment on the pure solvent side 
(Incidentally the solute bombardment is also increased, by 
entering into refinements m the thermodynamics of osmotic 
pressure it may indeed be shown that the osmotic pressure is 
m fact slightly influenced by the total hydrostatic pressure ) 
There is now osmotic equilibrium, but the membrane is 
now no longer m hydrostatic equilibrium, and unless rigidly 
supported would move through the liquid The whole matter 
becomes clear when it is once realised that osmotic equi¬ 
librium and hydrostatic equilibrium are not consistent with 
one another 
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THERMODYNAMIC RELATIONS CONNECTED WITH SOLUBILITY* 
(a) THE PARTITION LAW 


The free energy principle may be applied to derive the 
well-known Partition law of Nernst, according to which a 
dissolved substance distributes itself between two immiscible 
solvents m a constant concentration ratio, provided that its 
molecular condition is the same in both solvents, and that 
the concentrations are sufficiently low for van't Hoffis osmotic 
law to hold 

If the gram molecular concentrations of the solute m the 
two solvents are C x and C 2 m one case, and C/ and C 2 'm a 

second case, then 

c 2 L 2 

Suppose the substance in the first solvent be diluted 
osmotically and reversibly from concentration C ± to con¬ 
centration CY The decrease m free energy per gram 


molecule will be 



where n is the osmotic pressure and V / and V 2 are the volumes 
contammg a gram molecule, 1 e the reciprocals of Cy and C 1 
Since tcV=R 6 the free energy change is 



=RQ 

If the substance m the second solvent be diluted in the 
same way from concentiation C 2 to C 2 ', the free eneigy 

Q 

decrease is R0 

b 2 

When the concentrations m the first and second solvent 
are C ± and C 2 respectively the two layers are m equilibrium 
When the concentrations are Cy and C 2 they are still m 
equihbnum Hence the decrease m free energy accompany- 
mg the dilution of the solute in the first solvent from C 1 to C x ' 
must be equal to the decrease m free energy accompanying the 
dilution from C 2 to C 3 'm the second solvent 
7 
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Therefore 


ox 


RQ 

Oi C 2 

£± , and—=— 

C / /** / 7 ClIlV-L /-I f 

1 ^2 ^2 ^2 


(6) SOLUBILITY OF STABLE AND UNSTABLE FORMS 

When a substance exists m more than one modification the 
unstable form has the higher vapour pressure, and the decrease 
m free energy associated 'with the transition of a gram molecule 

of the unstable into the stable form is #6 Zw— 1 

P 2 

Solubility is m many ways analogous to vapoui pressure 
The vapour pressure of a solid substance measures the con¬ 
centration of that substance m the space over the solid when 
the number of molecules leaving the solid surface m unit 
time is equal to the number returning The solubility, m a 
similar way, is the concentration m a solution when the 
numbei of molecules leaving the solid surface is equal to the 
number returning Since the unstable foim has the greater 
solubility its saturated solution is supersatuiated with 
respect to the stable form, so that if stable and unstable aie 
present together m contact with solution the unstable con¬ 
tinuously goes into solution while the stable form grows at 
its expense In solution, of course, the substance exists m 
one foim only 

The free energy of transformation may be calculated as 
follows 

Let the unstable form be m contact with its saturated 
solution, bounded by a semi-permeable membrane outside 
which is solvent We cause one gram molecule to dissolve by 
moving the semi-permeable membiane outward The work 
done is n x V lt n 1 being the osmotic pressure of the saturated 
solution of the unstable form, and V x that volume (m litres) 
which contains one gram molecule 

The solution of the one gram molecule is removed from 
contact with the solid, and diluted osmotically to volume V 2 
which is the volume m litres occupied by a gram molecule of 
the stable form y 

The work performed is R 6 ln^~ The osmotic pressure is 
now tt 2 1 i 
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We now place this solution m contact with the stable form 
and cause a gram molecule to be precipitated by moving in 
the semi-permeable piston so that V 2 oi solvent is removed 
Work t v 2 V 2 is now performed on the system, which cancels 
the woik 7 z X V X peiformed by the system when the unstable 
form was caused to dissolve 

The net work performed by the system m the whole process 

is RQ Inp 
V 1 

Since F 2 and V x are the volumes m litres which contain a 
gram molecule of the substance when the solution is saturated 
with respect to stable and unstable forms respectively, they 
are the reciprocals of the gram molecular solubilities S 2 
(stable) and S x (unstable) 

Thus A=R6 lup 

Since we have used van't Hoff's law r , this i elation is only 
strictly true when both the solubilities are small, so that the 
saturated solutions are not very concentrated 

CONCENTRATION CELLS 

It should be obvious how by an exactly similai method the 
electromotive force of a concentration cell, where both 
solutions are dilute enough to be completely ionised, is found 
to be given by the equation 

nEF—RQ hip 

When the two solutions are not completely ionised the 
derivation of a formula is rather complicated The equation 

nEF—RQ In^p, 
a 2^2 

a x and </ 2 being the respective ‘ degrees of ionisation * m 
the two solutions, is only approximately correct—quite apart 
even fiom the complications resulting from the ' anomaly of 
strong electrolytes ' 

THE LAW OF MASS ACTION 

The fundamental form of the law of mass action which 
relates the velocity of a chemical change to the concentration 
of the reacting substances is not deducible from the laws of 
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thermodynamics The derived form which gives the equi¬ 
librium constant as a function of the several concentrations 
may be derived at once by an application of the free energy 
principle 

In Chapter IV we considered the device of the equilibrium 
box, and found that the work performed at temperature 6 
when a gram molecule each of carbon monoxide and water at 
the concentrations respectively C a and C 2 gram molecules per 
litre are converted reversibly into carbon dioxide and hydro¬ 
gen at concentrations C 3 and C 4 respectively is given by 

A=Re\ln^-ln^ 4 , 

l C3C4 C3C4) 

wheie c u c 2 , c 3 and c 4 are the concentrations respectively of 
the different gases m equilibrium m the equilibrium box at 
the temperature 0 

c Xi c 2 , c z , c 4 are not umque values for the concentrations 
They were selected from an indefinite number of possible 
equilibrium values 

Let us now alter the concentrations m the equihbnum box 
itself by adding more of one or other of the gases The 
equilibrium will be disturbed and a new one established where 
the concentrations aie c Xt c 2 , c 3 and c 4 ' 

The equihbnum box is still just as effective as a means of 
converting the gram molecules of CO and H 2 0 reversibly 
into CO 2 and H 2 Let exactly the same process as before be 
earned out with the new box, namely the conversion of a 
gram molecule of carbon monoxide and of water vapour at 
concentrations C L and C 2 into carbon dioxide and hydrogen 
at concentrations C 3 and C 4 The free energy change is now 


n c a c 2 7 c x c 2 


But it has been established that the free energy change 
accompanying the passage of a system from one state to 
another is independent of the particular leversible path for 
which it is calculated Therefore, 


4 , 

L C 3 C 4 c z c 4 J L C 3 C 4 c 3 'c 4 'J 


whence 


C 3 C 4. 

C 1 C 2 

c z c 4 


_ C 1 C 2 
c»c 


3 


^2 _ 


c*c 


3^4 


Ca 


Similarly 
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In other words, 

concentration of CO X concentration of H % 0 __ conc ^ an ^. 
concentration of CO 2 X concentration of H 2 ~~ 

The result is easily generalised 

If the reaction is of the general form 

%^l+ W 2^2+ = 7 i x B x -\~^ 2 ^ 2 

which means that n 1 molecules of a substance A x -\-n 2 of A 2 , 
etc , react to give n x of B lt etc , then we proceed as follows 

We imagme an equilibnum box containing the substance 
A v A 2 and B v B 2 m equihbnum proportions— 
an indefinite number of such systems m equihbnum exist 
We proceed to take n 1 molecules of A x at concentration C v 
%2 of A 2 at C 2 , and so on, and calculate the free energy change 
when they are transformed into n x molecules of B x at con¬ 
centrations Cj/ and so on C lt C 2 > C/, etc, are qmte 
arbitrarily chosen 

The method is precisely the same as that used for the water 
gas reaction We take the appropnate number of molecules 
of each substance of the left hand side of the equation, and 
alter their several concentrations until they become respec¬ 
tively the same as those m the equihbnum box At these 
equihbnum concentrations the substances on the left of the 
equation are introduced through the appropnate windows 
into the box, the substances on the right of the equation being 
simultaneously removed m stoicheiometncally equivalent 
amounts at the respective equihbnum concentrations Their 
concentrations are now altered until they attain the desired 
arbitrary values C x , etc 

To calculate the work performed by the system m this 
process let us take a typical substance from the left hand side 
of the equation ; initial concentration C, concentration m 
equihbnum box c Number of molecules appearing m the 
equation n The work performed by the system when n 
molecules are brought from concentration C to concentra- 

Q 

tion o is %R§ In — C is placed m the numerator since if 

Q 

C>c the fraction ~>i, the loganthm is then positive as it 
c 

should be since positive work is performed by the system 
when it passes from a higher to a lower concentration Each 
substance contnbutes a similar term 
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For the whole of the left hand side of the chemical equation 
we may thus write 

Work performed In¬ 
in a similar way the work done by the system dunng the 
alteration of the typical substance on the right of the equation 
from the equilibrium concentration c r to the arbitrary final 

concentration C* is n'Rft In c' now being m the numerator 

since the work performed is positive when c r >C\ For all 
the substances the work sums up to 

'Ln'RQln—-, 

Thus A =S nRQ ln-+Z,n’RO ln% 

In addition to this an amount of work (n'—n)RQ is per¬ 
formed by the system, since n' gram molecules have to leave 
the equilibrium box for n that enter This, being simply due 
to the total volume change accompanying the reaction, is not 
included m A for the present purpose 
The above value of A may be wntten 

r r , 

A = UnRQln~—'Ln r RO In— 
o c/ 

If we agree automatically to count the values of n f for sub¬ 
stances on the right of the chemical equation as negative this 
may be simply written, 

A =i?0Ew In-, 
c 

=J?0 { Em In C—Hn In c) 

We may proceed from our arbitrary initial state to an 

arbitrary final state via an equilibrium box m which any of 

the indefinite number of sets of equilibrium concentrations 

prevail In each case A will have the same value. 

Thus hn In c=constant= In K , 

and h 4 =I £0 {Z,n In C—ln K) 

Since InK=Zn Inc 

K __Ci nx c % n *c z n * 

^ c f n i'r'r' n s' 

1 2 ** 

the general form of the equilibrium constant 
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APPLICATION OF THE GIBBS-HELJIHOLTZ EQUATION 

An important relation is found by substituting the value 

of A just obtained m the geneial equation A — U =6^ 

uv 

A —RQ In C—hi K) 

Therefore 

RQ{$Hln C—lnK} -U= 0 ~{RQCSn In C-lnK )). 

(tv 

where U= heat of reaction at constant volume 

RQSn In C—RQln K-U= 0 [ash In C-RO d -^-A-R In A'} 

[ dO ) 

Since the terms constituting S vlnC are arbitrarily chosen 
they can be treated as constant during the diherentiation 
with respect to 0 

Therefore -~£/=-A6^-^. 

UV 

dhiK _ U 
d 6 ~R0 2 

This equation connects the variation of the equihbiium 
constant with the temperature and the heat ot reaction 
It will be discussed at length later on , it need only be pointed 
out here that U, being the deciease in total internal energy, 
is the heat given out when the reaction proceeds from left to 
right, and that K is constituted with the concentration terms 
referring to substances on the left of the chemical equation m 
the numerator, 1 e counted as positive m inline 

APPLICABILITY OF THE LAW OF MASS ACTION 

In the foregoing derivation of the law of mass action for 
gaseous systems all the work terms were calculated on the 
assumption that the gases behaved m accordance with 
Boyle’s Law The results therefore are only strictly valid 
for systems composed of such gases The equihbnum box 
device can be applied to dilute solutions, all concentration 
alterations being effected osmotically When van’t Hoff’s 
law applies to the solutions the law of mass action will 
therefore apply also 
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ENTROPY AND THERMODYNAMIC FUNCTIONS 
CONDITIONS OF EQUILIBRIUM 

We have seen that when a system passes from one state to 
another at constant temperature a quantity, the maximum 
work has a quite definite value, whatever be the actual 
path by which the system proceeds from its initial to its 
final condition This result was arrived at by showing that 
unless the maximum work were the same for all isothermal 
reversible paths a cycle could be devised exempt from the 
consequences of the second law of thermodynamics The 
significance of the free energy has been illustrated We have 
now to consider another function, the entropy of a system 
It involves a more abstract idea than maximum work or free 
energy, at least m the form m which it is derived from the 
second law of thermodynamics, but it leads to the expression 
of the second law m a form which will subsequently be seen 
to represent very clearly the molecular meaning of the 
law. 

We begm by returning once more to the Carnot cycle 
The four stages m this cycle are (i) an isothermal change 
involving the absorption of a quantity of heat Q 1 from a 
source of heat at the temperature 0!, (2) an adiabatic change, 
(3) an isothermal change similar to (1), but m the opposite 
sense attended by the rejection of a quantity of heat Q 2 to 
a thermostat at the temperature 6 2 , (4) an adiabatic change 
bringing the system back to its initial state For a perfect 
gas it is found that 

Ql 

Carnot’s theorem, depending upon the second law, then 
shows that for any analogous system this result is true 

Smce 93 =Q»^£= 1 k 

Vi “2 

Q 1 is the heat absorbed by the system at 0 1? while Q 2 is that 

104 



ENTROPY AND THERMODYNAMIC FUNCTIONS 105 


rejected at 0 2 , or otherwise — Q 2 is that absorbed at 0 2 
This relation may therefore be written 

heat absorbed at 0-, , heat absorbed at 0* 

-5- 1 +-A-=0. 

01 0g 

for the cycle This applies generally to any cycle which is 
split up into isothermal and adiabatic parts It is desirable, 
however, to find a more general result, which will apply to 
all reversible cycles whether the isothermal and adiabatic 
stages are sharply separated or not In the most general 
case the heat which is absorbed is not exclusively employed 
m the performance of external work, as m the case of the 
isothermal expansion of a perfect gas, or m the mcrease of 
molecular potential energy, as m fusion or vaporisation, but 
some appears as increased molecular kinetic energy Heat 
is absorbed and the temperature of the system rises. 

During the course of a cycle other than the simple Carnot 
cycle, a net amount of heat will have been absorbed, but at 
a continuously varying temperature, and a net amount of 
heat will have been rejected also at a continuously varying 
temperature In this case we cannot write simply 


heat absorbed at 0! 


heat absorbed 





Fig 9 


Consider the closed cycle shown m the figure Let ab be 




106 THERMODYNAMICS FOR STUDENTS OF CHEMISTRY 


an element of path m which the volume increases, the pressure 
falls, the internal energy of the substances changes, and the 
temperature changes from 0 to 0+^0, the heat absorbed 
is dQ d§ and dQ may be positive or negative The element 
of path ab may be resolved mto an isothermal and an adiabatic 
component The isothermal component involving the absorp¬ 
tion of dQ at 0 

The whole cycle may be split up into elements such as ab 
and a f b r Let the lengths of the elements be chosen so that 
as many have a positive dQ as a negative dQ Then the 
second law of thermodynamics which led m the simple Carnot 
type of cycle to the form of relation, 


heat absorbed at Oj 

0 ^ 


heat absoibed at 0 9 


-=o, 


0 , 


now takes the form 


v heat absorbed at 0 
"- 0 - 


(+ ^<0+ 


heat absoibed at 0 . x 
2--- (- ve) =o. 


or 


/ 


-~=o, for the closed cycle 


A more rigid method of arriving at this generalisation is 
as follows 

Let a cycle involve the absorption of qj at 0 a , q z at 0 2 , 
q z at 0 3 , ? 4 at 0 4 from sources at the corresponding 
temperatures, and the rejection of q x ' at 0/, q 2 ' at 0 2 ', etc, 
to reservoirs at these temperatures 
Now let us have two auxiliary reservoirs, one at a tempera¬ 
ture r, higher than any of the values 0 lf 0 2 , and the 

other at a temperature T\ lower than any of the values 
> ^2 > OtC 

The carrying out of the cycle has left changes m all the 
reservoirs, which we can counteract by employing the auxiliary 
reservoirs Thus the source at had lost q 1 We restore 
this by allowing a Carnot cycle to be carried out between 
the auxiliary source at T and the reservoir at 0 X If the 
latter gams q x the former must lose an amount given by 


HJh 
T 0 / 


whence 
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Similarly, to restore q 2 , etc , to the various reservoirs the 
auxiliary one must lose 


;r«— 


_Sj 


It loses altogether 

(?=*i+**+*3 


9 * 


A 3=-f-’ etc 


B=s rf?i + & + 2» + 

L0i 0a + 6j + J 


In an analogous manner the gams q x , q 2 , etc, can 
be neutralised oy the aid of the auxiliary reservoir at T r , 
which will m the process gam an amount of heat Q\ given by 

Q'=h'- l-V+V = r '[|^+^+ ] 

Thus the original cycle with its many stages is equivalent 
to a Carnot cycle m which Q is lost by a resei voir at T and Q' 
gained by a reservoir at T* 

2 - 91=0 

T T 7 


Since 

we have also that 


CM-; ]-M ]- 

from the values of Q and Q' 

If we agree that heat rejected shall be regarded as a negative 
contribution to the heat absorbed, we may wnte this last 

equation as S-— =0, 


and when the magnitude of the values q 1} q 2 , etc , is diminished 
indefinitely and their number multiplied indefinitely, this 


becomes 



This is a most important relation It is directly derived 
from the second law of thermodynamics simply by generalising 
the efficiency theorem It will be instructive, however, to 
see, qualitatively at least, how it embodies the fundamental 
idea of the, second law This may best be done by seeing 


how the integral^— compares vnthJ'dQ. When the cycle 

is traversed m the direction of the arrow the system performs 
work equal to the area of the cycle Since, moreover, the 
cycle is a closed one, the substance returning m every respect 
to its initial state with its internal energy unchanged, this 



io8 THERMODYNAMICS FOR STUDENTS OF CHEMISTRY 


work which is performed must be equal to the net amount 
of heat absorbed=/d<2- 

fdQ is therefore a positive quantity. An integral is the 
sum of a number of infinitesimal terms. Of the terms con¬ 
stituting fdQ the positive ones must therefore sum up to a 
greater value than the negative ones. This is simply the 
first law. The second law tells us, however, that the per¬ 
formance of work at the expense of heat must be compensated 
in a case like this by the simultaneous passage of some heat 
from a reservoir at a higher to one at a lower temperature. 
This means that all the positive elements in fdQ are associated 
with higher values of 6 than the negative elements. Thus, 
we have /positive dQ elements >/negative dQ elements or 


fdQ is positive, but in the 



the larger positive dQ 


elements are divided by larger values of 6 than the smaller 

negative elements. Hence, while fdQ must be positive,^— 

need not be, and the detailed investigation given above shows 
that in fact the actual value is zero. 

We must now pay attention to an important difference 
between the quantity fdQ , and quantities such as fdQ and 
fdv. Pressure, volume, temperature, and total internal 
energy are all quantities which define the actual state of a 
system. There is, however, no quantity Q such that a given 
value of Q corresponds to a given state of the system. A gas 
under given conditions has perfectly definite p, v, 0, and U 
values, but no characteristic value of Q . If the system 
changes the new state is defined by new values of p, v, 0, 
and U t which do not depend at all upon the manner in which 
the change%f state of the system has come about. On the 
other hand, during the change a quantity of heat Q may have 
been absorbed or rejected, the value of which depends not 
only upon the difference between the initial and final states, 
but upon the exact path traversed, p, v, 0, and U are 
characteristic of the momentary state of the system; Q 
depends on the nature of the process by which the passage 
between two states is effected. Now suppose the system 
to traverse a closed reversible cycle. The system returns to 
its original condition; pressure, volume, temperature, and 
internal energy all regain their initial values. For the closed 
cycle, therefore, fdp=p—p=:o ; fdv*= o ; /^ 0 =o ; fdU= o. 
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On the other hand, fdQ —work done during cycle=area 
of cycle, and is not m general zero, but a positive quantity 
Moreover, since it must be equal to fpdv , it can only be 
evaluated m terms of p and v by knowing the relation of 
p and v at every point, so that p may be expressed in terms 
of v and the integration performed The integral JdQ thus 
depends upon the equation connecting p and v, that is, upon 
the shape of the p, v curve or the exact nature of the cycle 

Let us now express by the symbol dS 


Then for a closed reversible 



dS thus resembles dp, dv, dQ, and dU, m that its integral 
round a closed cycle is zero, not dQ, of which the integral 
round a closed cycle depends upon the shape of the path 



Therefore there must exist a quantity S characteristic of the 
momentary state of the system , just %.sp, v, 0 , and U are charac¬ 
teristic of the state of the system S is not analogous to Q 
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which depends on the path by which the system changes 
and regains its initial state, but must regain its original value 
when the system returns to its original state Unlike Q, 
therefore, which is a function of the process of transfer, S is 
a characteristic property of the system This quantity 5 , 
whose existence has thus been inferred is called the entropy 
of the system 

Let us now consider, not a complete cycle, but merely a 
reversible change from a state represented by the point a m 
the figure to one represented by b The external work 
performed is equal to the aiea cubed if we proceed by the 
path aib t and to the area azbcd, if we proceed by the path 
azb 

By whichever path we proceed the change m pressure is 
p h —p a , the change m volume v h —v a) the change m tempera¬ 
ture 0 & —0 a , and the change m internal energy U b —U~ a 




cannot 


be written Q b —Q a , 


however, since it 


depends not only upon C/ 6 and U a , but also on the external 
work the amount of which clearly varies with the shape of 
the curve connecting a and b 



> however, matters are diffeient 


Let 


and 


0 

by path i=S 1 
bypath 2 -S 2 


Then, if the cycle aib2a be traversed, we have 

/f=° and 

Si=S z 


Thus. 
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in 


By whatever path, therefore, we proceed the is the 

same, 1 e depends only on the position of b and a Thus 
once more we see that there is a function S characteristic of 

b 

the state of the system at each point, and just as fdp~p b —p at 
b 

/* CL 

so jdS—S b —S a S b being the entropy of the system at 
b, and S a being the entiopy of the system at a 


PROPERTIES OF 1 HE ENTROPY FUNCTION 

In a reversible adiabatic change the entropy of the system 
remains unaltered Since neither absorption nor rejection of 
heat takes place at any point dQ is zero over e\ ery element 

b 

of path, hence f- 2 —o , therefore S 6 =S a Thus every 
Ja 9 

point on an adiabatic curve represents a state of equal 
entropy, just as eveiy point on an isothermal curve represents 
a state of equal temperature 
In an isothermal change 0 is constant Thus 



For example, when one gram of liquid evaporates at the 
constant temperature 0 , the heat absorbed is X, the latent 
heat ofvaporisation, and the change m entropy of the system is 

X 

0 

ENTROPY OF A PERFECT GAS 

We begin with the equation describing the fate of an 
elementary quantity of heat dQ added to a perfect gas, 
dQ=C v d$ J rpdv 

Then to find the change m entropy when the gas passes 
from state a to state b, we have 
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fC v dQ 

b 

fpdv 

f e ' , 

a 


b 

b 

fC*dQ 

rRdv 

1 9 4 


a 

" a 

C v htg+Rln -1 


We note, incidentally, that if the gas has traversed a 
closed cycle so that b=a, then 

Sb—S a = J y ~-^=Cv In *+R In 1=0 

Instead of integrating between limits b and a to find the 
change m entropy, we may now integrate without limits to 
find the general value of the entropy 

ft®—S~C v ln 0 -{-Rlnv+constant 

The integration constant is not determinate 
v is the volume in litres which is occupied by one gram 
molecule of the gas 

where G is the concentration of the gas m gram 
molecules per litre 

Thus S=O v ln Q-RlnC -\-constant 


fi 


ENTROPY OF A MIXTURE OF PERFECT GASES 

If two gases intermingle at constant pressure the entropy 
increases, since each now occupies the whole volume, namely, 
the sum of the two original volumes Suppose we have n 1 
gram molecules of gas i and n 2 gram molecules of gas 2 at 
the same pressure The original entropies are respectively 
n x [C* 4 In 0+1? In v] and n 2 [C„ a In 0+1? In 

v being the volume occupied by one gram molecule of a 
perfect gas at the given pressure 
After mixing, the total volume is n x v+n 2 v, and the volume 
occupied by one gram molecule of x is now 

\ n x J 
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and the volume occupied by one giam molecule of gas 2 is 

thus the total entropy is 

n x +n 2 6+ R ln(^ - x ^ — ^ • 

Calling the fractions —p— and —~—•% 1 and n we have 
b %+« 2 Kl + n 2 

for the entropy, 

n x \C Vx In 0+j R In v—R In x J+/* 2 [C» a In 6 +R In v 

R In ^3], 

or generally S«[C V In ft+R In v~R In 1] 


CHANGE IN ENTROPY ASSOCIATED WITH REVERSIBLE AND 
IRREVERSIBLE PROCESSES 


We have seen that for a closed reversible 


cycle /f=o. 


and from this result have inferred the existence of a charac¬ 
teristic function the entropy such that for all reversible changes 

We have now to consider a point which requires a little 
care, and about which confusion sometimes exists S b refers 
definitely to the state b of the substance, S a to the state a 
S b —S a is therefore charactenstic of the difference between 
the two states and no longer has any relation to the process 
by which transformation from one to the other takes place 

j^j’ however, can never lose this relation m quite the same 

way, because the condition always remams that the change 

must be a reversible one m older that may be independent 

of the path We define S b —S a as the value of j-~ fora 

reversible path, knowing that for all reversible paths it has 
the same value When we pass from a to b by an irreversible 

b 

path for the irreversible path has no longer the same 


8 
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constant value It no longer defines S b —S a) which remains 
as before, equal to the value which the integral would have 
for a reversible path Thus, for an irreversible process 



irrev ^S b —S a 


The modification introduced into the relation by irreversi¬ 
bility is easily found The general equation for a complete 

reversible cycle, =o, was found by extending the result 

found for a Carnot cycle 

If an element of irreversibility is introduced at any stage 
of the Carnot cycle the efficiency will be lowered We shall 

_ ~ _A 

and 


no 


A-< 


longer have ^ >2 = - 1 — but fl 

Q i vi (Ji “i 

when this is transformed as before we find the general relation 
to be p<0. 


Since it is not always convenient to deal with complete 
cyclic processes, we need to know what modification to make 

m the diffeiential relation *~=dS when the small element of 

9 


path to which it refers represents an irreversible transforma¬ 
tion This is most easily seen by considering the cycle 
ABCD m which ABC represents an irreversible transformation 



Fig ii 
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from A to C, while CDA represents a reversible path For 

the whole cycle <°> since as a whole it is irreversible 
But for the reversible path CDA , we have 

A 



Therefore, for the irreversible path ABC 

C cycle 




Sc) 


Hence irr fi%+(SA-Sc)< 0 . 


dQ 


ff<Sc-S A . 

A 

Hence ^Q<dS, 

\J 

or QdS >dQ, 

QdS=dQ+&> where A is a positive quantity 
This relation, as will be seen presently, is of great importance 
in determining the conditions of equilibrium of a system 
If we have a system to which heat is not added and from 
which heat is not allowed to escape, then dQ= 0, then 0 <£S>o 
for an irreversible change , m other words, a small irreversible 
change m an isolated system is always subject to the condition 
that there is an increase of entropy 

It may perhaps be useful to explain here a difficulty which 
is sometimes expressed, viz that if a change m entropy is 

defined as or its integral, then for any change m which 
0 


dQ is zero the change m entropy should be zero The point 
to be remembered is that the change m entropy on passing 


from A to B is defined as 



for any one of the possible 


reversible paths connecting A and B When we say that the 
system passes irreversibly from A to B, there bemg no heat 
absorbed or given out, and the entropy increasing, it means 
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that A and B stand m such a relation to one another that 
although an irreversible process for which dQ=o may connect 
them, any reversible process connecting them could not have 
a zero value for dQ 

CONDITIONS OF THERMODYNAMIC EQUILIBRIUM 

The criterion of thermodynamic equilibrium is the follow¬ 
ing If the system is m such a state that a small displacement 
is a reversible one, then it is m equilibrium This requires 
some elucidation It follows fiom the considerations given 
at the end of Chapter III The condition that the change 
shall be a reversible one is that m respect of all mechanical 
constramts driving and opposing forces shall be equal, while 
heat exchanges must be made with reservoirs differing 
infinitely little m temperature This condition naturally 
implies that the system is m a state of equilibrium—the 
reversible change is nothing more than the continuous adjust¬ 
ment of infinitesimal displacements from equihbnum, m 
Duhem’s phrase, * une suite continue d'etats d^quihbre ' 
The above cntenon is analogous, therefore, to the pnnciple 
of Virtual work m mechanics 

Now we have already a cntenon for the reversibility of a 

given modification m the state of a system , if then 

0 

the change is reversible, while, if QdS=dQ+A, then the change 
is not reversible The condition for equilibrium, therefore, 
is that for a small displacement QdS shall be equal to dQ 
In particular, the condition that a system shall be m equili¬ 
brium is that for a small adiabatic displacement dS shall be 
zero 

The application of this lesult yields a great many thermo¬ 
dynamic relationships much more simply and easily than 
they can be obtained by cyclic processes. 

We may, as a first example, apply it to the problem of 
chemical equihbnum To lend precision to our ideas we will 
consider the specific reaction 

calones 

Let the respective concentrations of hydrogen, oxygen, and 
water, which are m equilibrium in a system at temperature 
0 be Cff a , C 0a , C Na o, expressed m gram molecules per litre. 

Let the system undergo a small virtual change such that 
2 dn molecules of water aie formed, the temperature remaining 
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constant Udn calories aie liberated and must be removed 
from the system 

The condition that the system is m equilibrium is that the 
change m entropy accompanying the virtual change shall 
dQ , , 1 . Udn 


be equal to^p which in this case becomes 


0 


■ (Q being heat 


absorbed, U heat liberated) 

The change m entropy accompanying the virtual change 
can be calculated as follows Entiopy is a property such 
that the entropy of two gram molecules is twice as great 
as the entropy of one In the change 2 dn gram molecules 
of water appear w r hile dn gram molecules of oxygen and 2 dn 
of hydrogen disappear The total change in entropy of the 
system is thus entropy of 2 dn gram molecules of wuter— 
entropy of 2 dn gram molecules of hydrogen—entropy ot dn 
gram molecules of oxygen. 

Usmg the expiessxon for the entropy of a perfect gas, namely 
S=C v ln 0—R hiC+k, 

we have for the change under consideration, 

dS—zdn {C % hj) In 6 —R In — 2 dn [C L nJn 0 


—R hi C^+^hJ — dn { C v o a In 0 —R hi Cq^-\-Ko} * 
~dn{2k Hi o — 2kH<r-ko} +dtl{20 l H^0'— J 2,C l H^C^Q^hl 0 

+dn R In C J: ■ 

C“n t 0 

The condition for equilibrium gn es 
Theiefore 


Udn 


=dn 


ZkHtO—ZkHt—kOi 


+dn 


+dn R In- 


2 C iH 2 0 2C l Hz—C l o a 

U c o 1 


In 




U, k v C V) and R are all independent of the concentration, so 

C 2 c 

that, provided 0 is constant, —5——2a 1S constant 

L H*0 


Thus 




2 C t H*0 ~2C,jgr # —C«0, 


In 0+i? In K 


Differentiating with respect to temperature, and treating 
the specific heats as constant, w r e have 
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U_ldU 

e 2 ede 

But since 


: ' 2C vHa 0—2C v H,—C v0lt • 

Jfl =2C^ a + C^ a — 2C t flr fl o, 

U^dlnK 
0 2 dd 


din K U 
dd AG 2 


This method is rather simpler than that depending upon 
the van't Hoff equilibrium box 
As a second example, we may derive the usual formula for 
the electromotive force of a concentration cell Let the cell 
consist of silver electrodes m silver nitrate solutions of con¬ 
centration and C 2 , which are both small enough for the 
salt to be nearly completely ionised Let dx Faradays of 
electricity flow through the cell The electrical work done 
by the cell is Ed% x 96540 volt-coulombs In calories this is 
1^x96540x0 24. As explained m an earlier section this 
energy is derived entirely from the heat of the surroundings 
We suppose the temperature to remain constant The cell 
thus absorbs q calories 

* The net result of its working is that for every Faraday 
which has passed (1 —n) gram molecules of ionised silver 
nitrate are transferred from the strong to the weak solution,* 
where n is transport number of the silver ion Each molecule 
consists of two independent 10ns Thus 2(1 —n) particles are 
transferred for each Faraday or 2(1— n)dx m all 
The increase m entropy when this number of gram-particles 
pass from concentration C j to concentration C 2 is 
2(1— n)dx(C v In 8 —R In Q 2 )— 2 (i—n)dx(C 1} In 0—J? In C*) 

=2(1 ~n)d%Jt An ~ • 

L 2 

For equilibrium, and there is only equilibrium when E is 


the true electromotive 


force, this change in entropy is ~ 


* The silver electrode m the weaker solution is the negative pole and dissolves* 
when the cell works bor each Faraday which passes 1 gram ion of silver 
dissolves into the weaker solution, but n gram 10ns migrate into the strong 
solution The gain is thus (i-n) gram 10ns of silver These, togethei with 
the (i-») grams 10ns of N 0 9 which enter the weaker solution by migration, 
make up the (1 -«) gram molecules of silver nitrate In exactly the same 
way it may be seen that the stronger solution loses (x - n) gram molecules 
of silver nitrate 
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FREE ENERGY AND THERMODYNAMIC POTENTIAL 

We have hitherto made use of the equation Q=A — U, 
Q being heat absorbed, A external work performed, and U 
the decrease in internal energy This is, of course, true for 
any change, whether finite or infinitesimal In order to 
combine it, however, with the equilibrium condition dQ~ddS, 
it will be convenient to re-wrne it in a differential form 
For this purpose we mtroduce a symbol U for the internal 
energy of the system, a quantity -which is of course indeter¬ 
minate, since we only deal with changes m it If the system 
passes from state I to state 2, we have Ux—Uv—U. 

U is the decrease m U , therefore, m the differential form, 
we replace U by —d(J 

Further, the work done by the system may be represented 
by the sum of two terms, one, fidv, being that done against 
the external pressure fi, and dW being work of any’ other 
description 

We thus have the two fundamental equations 
dQ=pdv+dW+d(J, 
dQ=ddS 

Combining these, we have 

d U A-pdv — QdS + d W =0 

This equation applies to all reversible changes, and only 
to these It is thus the general condition of equilibrium 
It is quite general in the sense that the small displacements 
to which it refers are not restncted to isothermal, or adiabatic 
displacements, or constant volume, or constant pressure 
changes 

It is often convenient, however, when investigating the 
equilibrium of a system to consider a small virtual change 
subject to some special condition The equation then assumes 
simpler forms 
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(a) Adiabatic changes 

0<£S=o, as we have already seen 

(b) Isothermal changes 

In this case d§—o 

We may therefore replace 0iS by ^(0S), since this m general 
is 0 iS+ 5 i 0 

Therefore the condition of equilibrium becomes 
d(U— 65 ) +pdv+dW—o 

(c) Changes at constant temperature and constant volume 

d§—o, dv—o 

Therefore the condition of equilibrium reduces still further 
to d(U-~$S)+dW =o 

(d) Changes at constant temperature and constant pressure 

db—o t dp—o 

pdv can now be replaced by d(pv), since d{pv)—pdv-^-vdp t 
and vdp—o 

Therefore the condition of equilibrium becomes 
d(JJ— §S+pv) -\-dW—o 

Let us consider (c) and (d) more closely Owing to the 
restricting conditions we are enabled to collect under one 
differential sign U— 05 in one case, and U—QS+pv m the 
other These are quite ordinary properties of the system 
like U itself We may therefore write 

JJ—QS—F, d{U—§S)=dF > 

U-$S+pv= 9, d(JJ-~§S+pv)^d<? 

The equilibrium relationships can be written thus 
(i) 0 d 5 =o for a virtual adiabatic change 
(n) dF+pdv+dW =o for an isothermal change 
(in) dF+dW—o for a virtual change at constant 

temperature and volume 

(iv) dy+dW—o for a virtual change at constant 

temperature and pressure 

The relation OdS=o means that 5 is a maximum or mini¬ 
mum when the system is in equilibrium We have already 
seen that S increases m irreversible changes, l e spontaneous 
changes towards equilibrium Thus, 5 is a maximum when 
the system is m equilibrium 

Smce F—U—^S, and <p=[/— QS+pv, it appears that 
increases m entropy correspond to decreases m F and 9 
Let us consider for the moment the case when dW—o 
The equikbnum condition is now that for changes at constant 
pressure and temperature ^9=0, and for changes at constant 
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volume and temperature dF=o Thus, F and 9 have mini¬ 
mum values, since we have just seen that they tend always 
to decrease rather than increase 

9 is called the thermodynamic potential of the system 
F is sometimes called the Free Energy—though there is a 
certain amount of latitude about the use of this term, and 
it is always necessary to find out what different writers 
mean by it 
When dW is not zero, 

dF+dW^o for changes at constant volume 
and temperature, 
therefore dW= — dF. 

The decrease m F gives the external work done 
Similarly, for changes at constant pressure and temperature, 
dW=—d<? 

The decrease m thermodynamic potential gives the external 
work othei than that done against the pressure 
For any isothermal change 

—dF=pdv+dlV 

The decrease m F gives the total work done 
An alternative form of constant temperature and pressure 
condition is used by Planck, which we will mtroduce later m 
dealing with a special example of its apphcation 
By the employment of the thermodynamic functions, 9 or 
F , many calculations can be put into a concise and convenient 
form We have already derived the law of mass action by 
means of the van’t Hoff equikbnum box, and by entropy 
considerations It will perhaps be instructive to make the 
same calculation with the aid of the function F, although it 
is, of course, the original calculation thrown mto a new form 
Later we shall see how the lowering of freezing point of dilute 
solutions can be conveniently treated with the aid of a 
thermodynamic function 

CHEMICAL EQUILIBRIUM IN GASES TREATED WITH THE AID 

OF F 

As before we may take the reaction 

2H 2 +0 2 ^2H 2 0+U calories, 

U being the heat of reaction at constant volume 
The concentrations are C Ha , Co 2 , Ch z o respectively at 
equikbnum, the temperature being 0 

Let there be a small displacement from equikbnum at 
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constant temperature and volume such that 2 dn gram 
molecules of water are formed at the expense of 2 dn of 
hydrogen and dn of oxygen 

Since the change is a virtual change from equilibrium, 
dF= 0 . 


Now dF=2Fn„odn—2,FuJLn—F ojln * 
Fn t o= : Ua 2 o—QSH i o=UH !1 o—QC v H 2 o In 0+220 £« C^o— 
and similarly for Fjj a and Fo„ 

Thus the equilibrium condition is 
dF—( 2 ,UiiaO %Uh 2 Uo^)dn 0 In 0(2 C v H 2 o— 2 C lHa —O l0li )dn 

+J?0 In ~ ~ -dn— 6(2£ ga o— 2 &g a — k 0 ^)dn=o 
^ ^ 0 2 

%UHzO— 2 UH*—Uo a is the excess of the internal energy of 
two gram molecules of steam over the sum of the internal 
energies of two molecules of hydrogen and one of oxygen It 
is thus the heat absorbed m the formation of water or — U of 
the chemical equation 


Thus 

— U— 6 In 0(2C z n a o-~ 2 C v n a — C t o a )-hR 0 In 
““ 0 —k 0a )=O 

This is the equation we obtained before 
C 2 h»o 


C z h*o 


C* Ha Co 2 


From it 


is seen to be a constant at constant 


C 2 h 3 C 0a 

temperature By differentiation the equation connecting 
equilibrium constant and temperature is found as before 
This method, of course gives us. 


d In K v _ U v 
dQ “W 2 


We could equally well have made the calculation using the 


* It is perhaps useful to point out that if we have Z, m, and n molecules 
respectively of steam, hydrogen, and oxygen, F, the total value of the function 
for the system, is given by 

F-lFHtO +wiFh 2 +nFo it 

where Fh?Q is the value for one gram molecule of steam, and so on 
When the virtual change takes place at constant temperature and volume, 
l, m, and n are the only variables We may write 

dF =FHiOdl +ldFE 2 0 + FR 2 dm +mdFR 2 +Fo 2 dn +ndFo % 

But in the virtual displacement considered the values of Fr x o, etc, which 
refer to gram molecules of each of the substances, do not change The changes 
in the total value of F for the system are accounted for by the variations 
dl, dm, dn Since for tdn gram molecules of water to be formed dl **zdn, 
dm= —2dn, dn = —dn, we arrive at the above equation 
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function 9, and making the virtual displacement at constant 
pressure We should then find 

dlnK v _U v 
dQ £6 2 


PARTIAL DIFFERENTIAL RELATIONSHIPS OF THERMODYNAMIC 
QUANTITIES INTRODUCTORY NOTE 

Ceitam partial differential relationships of the thermo¬ 
dynamic functions are often of great importance, so that a 
brief discussion of them will now be grven 

Most of the properties of a system are interdependent, 
and one property can usually be expiessed m teims oi several 
others, or, m other words, it is a function of the others Thus 
the volume of a given mass of gas is a function of the tempera¬ 
ture and pressure e g , 

=— 

P 

If we wish to find how the volume vanes with temperature 
while pressure is kept constant we differentiate partially with 
respect to 0, thus 

bv_R 
ae p 

or, if we wish to find how the volume varies with the pressure 
when the temperature is kept constant we differentiate 
partially with respect to p, thus 

bv _ —RQ 

"bp p 3 

If the volume were changing with regard to yet another 
variable, say time, we should have 

dv _bv dQ . bv dp 
dt dt bp dt 

In general if a quantity u is a function of the vanables 

y> * 

u=f(x,y,z ) 


then 


, bit, , bn, . bn. 

d “=%i dx +r/ y+ T, i ’ 


This is one result which is very frequently used 
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Another important property of partial differentials is that 
known as the commutative property. If 

u=f{x, y). 


then 


'dxVc)yJ' 


j>/* h\ 

provided that u is a finite, continuous and single-valued 
function of # and y It would not, for example, be per¬ 
missible to apply this theorem to a quantity such as dQ since 
there is no quantity Q which depends simply upon the 
properties of the system Q is entirely dependent upon 
arbitrarily prescribed paths by which systems undergo their 
changes dQ is not a complete differential The proof of 
the commutative relation is as follows 

u depends only on # and y 

Let x change to x+dx and y to y+dy The new value of 
u is u+du 

We may think of the change as occurnng m two ways 
first, x remains constant while y increases to y+dy, and then 
x changes while y remains constant Secondly, we may let 
the change m % take place first and the change m y subse¬ 
quently In either case du must have the same value In 
the first case we have y changes to y+dy , u thereby becomes 

u+^dy x now increases by dx , the final value of u is 
U +Yy dy+ } X { U+ Ty dy )^ 

Similarly when we let # increase first we find for the final 
value of u the expression 




^n+^dx 


lx 


)dy 


Equating this to the previously obtained value and cancel¬ 
ling terms common to both we find 




'dx\'byJ w '''~’ / 7 )y\ 

The commutative relation is thus proved 


APPLICATIONS 

For a system m which the only external work which is 
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done is against an external pressure we have seen that the 
fundamental equations hold, 

dQ=dU+pdv, 
dQ=QdS, 
dU+pdv ~ QdS—o 

These can be transformed m various ways, thus 

dF=d(U— OS) = —SdQ—pdv (1) 

For d(U- OS) =dU~ 0 dS-Sdd, 

but dU— QdS=—pdi f 

whence (1) follows 

Similarly 

d<p=d(U— QS+pv)=vdp—SdQ (2) 

dU~§dS—pdv (5) 

d(U+pv) = QdS+vdp (4) 

Consider the first of these equations, 

dF=—SdQ—pdi' (1) 

We are at liberty to express F m a general manner as a 
function of 0 and v, thus 

F=/(0 v), 

and then to write 


IF.-.IF. 
dF = -rr-d 0 -f - ^— dv 
t)0 ov 

Comparing this with (1) it will be seen that 

bF c .IF . 
r =-s mi jj —t 


Now since 


or 


V*F\ b (bF\ 
bv\bv) ae\>/’ 
J>S = J>p 
bv dV 


In order to make qmte clear that, m the operation of differen¬ 
tiating S partially with respect to v, the other variable which 
is kept constant is 0, and vice versa it is usual to write 



Other analogous relationships may be obtained similarly 



126 THERMODYNAMICS FOR STUDENTS OF CHEMISTRY 


The method of calculation here employed should be carefully 
noted The fundamental equation dU+fidv— MS=o is 
written down, and put into such a form by transposition or 
addition of terms to each side that the left hand side becomes 
a complete differential, and two differential terms remain on 
the right hand side as m the several equations (i) to (4) 
The quantity whose differential appears on the left hand side 
is now expressed m a formal manner as a function of the two 
quantities whose differentials appear on the right The new 

equation is differentiated, m the form and 

the result is compared with the first equation The values 
of the partial differential coefficients are read off and the 
commutative relation is applied The procedure may be 
exemplified by deriving the three well-known thermodynamic 


relations 



In the first of these the * independent variables' are S 
and v 

They are called independent variables because we are at 
liberty to vary them one at a time m any way we please. 
Now in accordance with the directions given above we express 
the general equation in such a way that a complete differential 
appears on the left and two differentials on the right More¬ 
over we must select for the two differentials which appear on 
the right those of the two independent variables, in this case 
S and v Equation (3) above gives the appropriate form 
dU—bdS—fidv 

Now we wnte U=f(S, v), 


JIT WjeiW, 

dU~^ 0 dS+^- dv 
bS by 


By comparing the two forms of the expression for d(J we see 

*u 0 „ J iu 
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and since 


In order to obtain the relation 


fW) 

DvUSj 7 >S\lv)’ 
/h0\ = _/h£\ 
\hzv s \hS/» 
/he 
\ip 


=(-) 


the differentials and dp on the right hand side 
fore transpose the fundamental equation thus 
d(U-\-pv) = QdS+vdp f 


we need 
We there- 


whence 


Therefore 


mj+pv) 

bS 


= 0 and 


*{U+pv). 


c )p 

/b0\ /btA 

W/ s IbS/* 


The derivation of the remaining relation is as follows 
d(U— QS+pv) =d(?=vdp—Sd$, 


therefore 


thus 


arw a <> 9 __ c 
h/> d h9 — 5 ’ 

/?to\ __/hS\ 

w» w 


3 > \bpJe 

Suppose now that we require a relation of this sort with 
p and v as the independent variables It will be seen by 
trial that by no sort of rearrangement of the fundamental 
equation can we obtam an expression with dp and dv only 
on one side and a complete differential on the other. We 
therefore proceed thus 

dU= QdS—pdv. 
bS b«S 

Replace dS by its equivalent ^dp+^dv 


Then d{J= 9 ^dp + d^dv 


■pdv, 

= 6 I^+( e s-#)* 


dp 

We now have an expression of the required form, 
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therefore 


bU J>S , bu jbS 

vj and — = 0— 
bp op ov bv 


-P. 


and since 


bv\bp ) bp\bv /* 


7 >(A)S\ bfbS \ 
bv\ bp) bp\ bv ^)* 


c)0 c )5 ^/^S\c)S <) /?)S\ bp 

bvbp^bv\bp)^ bpbv + ^bp\bv)^ bp’ 



The importance of these partial differential relationships is 
twofold In the first place they aie often important m 
themselves They correlate various properties, giving 
quantities which are difficult to determine directly m terms 
of others which are easily determinable by experiment But 
secondly the partial differential coefficients of the free energy 
and of the thermodynamic potential are useful m determining 
the variation of equilibrium conditions with temperature, 
pressure and so on 

Some examples follow, in which the method of working 
should be carefully noted 


TO SHOW THAT FOR ANY SUBSTANCE THE DIFFERENCE 
BETWEEN THE TWO SPECIFIC HEATS IS GIVEN BY 



These differentials, however, are inconvenient, being de¬ 
rived from Q of which dQ is not a complete differential* 
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We replace therefoie b} 6~ and we have 



foi, provided that the subscript is kept the sare 

io 


Moreovei, still piovided that the subscript u the same, 
/c )S\ /h0\ /bS\ 


/hS\ /h0\ 

though we could not combine, say, J m this way 
Therefore 


The expression in. brackets was found to be equal to unity 
on page 128 This yields the desired result 



RELATION BETWEEN THE COEFFICIENTS OF EXPANSION, 
COMPRESSIBILITY AND INCREASE OF PRESSURE WITH TEM¬ 
PERATURE FOR ANY SUBSTANCE 


$ 


v=f(P>Q) 
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If dv—o, that is for a change at constant volume, 


Therefore 


hi), 

i ],»+ 


lv\ 


10 . 


Jd 6 =o 

' V 


_ do 

M ~dp 

o0j 0 


dQ / c> 0\ 

Now “ subject to the condition that dv=o is J 


Therefore 


/ 7 )v\ 

\*p)t 


or 


(I); 


lv\ 


(-) 

up/. 

Combining this last relation with the equation 

rtv\ (1p\ 


we find 


/dv\ ( 
Cj>- C « =0 (ae) ( 

/lv\ J /JM 

c p -c„=-e(-)^—) 


h6, 


If t; 0 =the volume of one gram or one gram molecule of the 
substance, according as C p and C v axe gram or molecular 

1 /"bv\ 

specific heats, a—coefficient of cubical expansions 

7 )v 

Note that the coefficient of cubical expansion is not rz 


i Iv 


<50 


but — that is increase in volume per unit of original 


volume 

x—coefficient of compressibility =- 


i/<)z>\ 

v 0 \bp/B 
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This is negative, since the volume decreases with increase 
of pressure n 2 „ 

Thus r 0 


This relation is frequently employed—since a and y are 
quantities winch ha\e been careiulh determined for a great 
many substances C v for solids and liquids is difficult to nnd 
directly 


CHANGE OF STATE AN ILLUSTRATION OF THE RELATION 



Let v 1 and v 2 be the specific volumes of two co-evistent 
phases, and let a quantity dm of substance change its state 
at constant temperature 6 

Then if the latent heat be l calories per gram, the heat 
absorbed is given by the equation 

dQ=QdS=ldhi 

If the volume change is di\ then 

v^dm—dv 


Therefore 


dS-- 


Idm 


Idv 


This is at constant temperature , we may therefore write 



FURTHER ILLUSTRATIONS PLANCK’S TREATMENT OF DILUTE 
SOLUTIONS 

Planck's potential. As we have seen, since d{J+pdv= 
dQ=QdS } we have 

QdS—dU—d(j>v) -—vdp, 

7r , {d[J+pv)_ vdi> 

dJ -*-= —IT” 


and if 0 is constant, 


U+pv 


vdp 
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When, further, pressure is also constant the relation 



U+pv'j 


=o 


holds good for a reversible change, and this is the condition 
of equilibrium for a system which is subject only to an external 
pressure 

The quantity S -- is sometimes called Planck's 

potential We may denote it by O <D, although a quantity 
which was originally defined with reference to changes at 
constant temperatuie and piessure, has of course different 
values at different tempera tuies and different pressures The 
way m which <D varies with temperature is seen by dif¬ 
ferentiating partially with respect to 6 Thus 



: he 0h0 


(U+pv)+V±t v . 


__IS i rtu >\ U+pv 

~ho 0\*6“ h# W + o 2 ’ 

p being constant 

Since from the fundamental equation dS~^(dU+pdv), 


Hence 


c)S iflU , >\ 

<>e oUo+^oj -0 

_U+Pv 
e 1- ' 


(-) 
\<56 Jr 


a relation which will be needed, as we shall presently 
show how freezing point lowering may be discussed with its 
aid 


POTENTIAL OF A MIXTURE OF PERFECT GASES 
We first need the value of <I> for a mixture of perfect gases 

We have CD =Hn 

But from the result on page 113 S for each giam molecule 
m the mixture 


—C v In 0 +R In v—R In a. 
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where r is the fractional molecular concentration of the 
given gas, thus, 



The only terms here depending on the concentration of the 
gases are the x terms Hence, collecting together the other 
terms, which are dependent only on the nature of the gas, 
the temperature, and the total pressure—not the separate 
partial piessures—we may write 

®=^n(^—R In 

<p being a symbol for the terms independent of concentration 


DILUTE SOLUTIONS 


Let n Q be the number of gram molecules of solvent, > v r 2 , 
etc, the number of gram molecules of the various dissolved 
substances 

The total volume V of the dilute solution is given by 
V=n 0 v Q -{-n 1 v 1 +n 2 v 2 

where v t , v 2 , etc , depend upon the solvent as well as the solute, 
but are not influenced by the mutual interaction of the 
solutes or of the molecules of a given solute among them¬ 
selves 

Similarly U the energy is given by 

l/=tf 0 w o+ w i w x+'*i*** 

To get the entropy we have by definition of entropy the 
differential relation, 

^ dlJ+pdV dit 0 +pdv 0 , , iv 1 +pdv 1 
dS= --- =«0 - 0 -+'«»- 0 


Since v 0 , v lt u 2> etc , and v 0i v lf v 2 , etc, are mdependent 
of n Q> n lt etc , and only dependent onfi and 0, we can write 

iva*., d *u±e*>rtc. 

0 o 


Thus dS=ntfls 0 +n 1 £s 1 +n f jI$ i , 

5==?Zo S 0+ W 1 5 I+ W 2 5 2 • • • + C 
The mtegration constant may depend on r 0f n v n % . 
though by its nature as an mtegration constant it is inde¬ 
pendent of p and 6 

Planck evaluates it by the following device 

Imagine the tempeiatuie to be mcieased, and the prtssure 
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decreased till the whole system passes into the state of a 
perfect gas, the entropy of which is given by 
S=n Q [C v o In 6+K In v—R In x 0 ] 

-)-» i\C Vx v—R In x x ] 

[ ] 


where 


a 0 as befoie =- 


etc 


n o J r n i J r } h 

These two expressions for S must be identical Hence the 
only terms which are independent of pressure and temperature 
must be equal m the two cases 
Thus C=—[n 0 R In x 0 +n x R In % x -\~n 2 R In x 2 ] 

Thus S—En[$—R In x] 

u+pv 


Whence 


<X>= 5 - 


0 


2 # s—R In x~ 


u-{-pv\ 

'“F ") 

Collecting up the terms independent of a, by putting 

c «o+Ml 
S ° 6 


etc : 


we airive at the expression 

0 = 2 ^ ( 9 —R In x), 

that is, 

?z 0 (<P 0 —R In x Q ) +n 1 (<p 1 -R In x x ) +» 2 ( < P2--- r 1 2) 


EQUILIBRIUM BETWEEN A SOLID SOLVENT AND A SOLUTION 
LOWERING OF FREEZING POINT 

Let n x molecules of a solute be dissolved m n 0 of a solvent, 
*yi 

then # 0 = — and x x ~ —~—, and <D, the Planck potential 

of the solution, is given by 

^=n^ 0 —R In x^-i-n^cp^R In %) 
solvent solute 

Suppose the solution to be at its freezing point Then 
solvent Can separate reversibly It can do this at the fieezmg 
point, but at no other temperature Let molecules of 
solvent leave the solution and enter the solid state, which 
thus gams $; T n molecules This all takes place at constant 
temperature and pressuic, so that the total change m theimo- 
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dynamic potential is zero Now the thermod} naimc potential 
oi the solution has decreased by (oj —R 7 r r 0 )o/> 0 owing to 
the departure of $/ 7 0 gram moles, each of which had contri¬ 
buted (<? 0 —R in a 0 ) to the total <D On the other hand, that 
of the solid has increased by o 0 % 0 owing to the accietion 

of 8 h 0 molecules, where <p 0 ' is the thermodynamic potential 

of one gram molecule of solid Xaturall} 7 , no concennation 
term enters into this 

Thus - (? 0 -<R v o) 5 *o—9o'^u=°> 

therefore 9 0 —cp 0 '=7? Z/t 1 0 

This equation apphes at the freezing poml of the solution 
When we are dealing with the pure solvent r 0 =i Thus, at 
the freezing point of the pure solvent 

9 o— 9 o'=° 

Let the fieezmg point of the solution be A low ti than that 
of the pure solvent Then A is the amount by which the 
temperature must be changed to bung 9 0 —9 0 ' from the value 
zero to the value R In a 0 

Therefore - (9 0 — 9 o) =R v o> 


but we know that Qy) 

as shown at the beginning of this section 

R In v 0 =—^ [Mo+Pq v o~~( u o ^Po^o)] 

Since p 0 =j>o expression m the bracket becomes 
Wo—* 1 0 ~\~P (^’o—V) 

This clearly equals X, the latent heat of fusion, 

, -“A X 

thus R In A" ti = — 2 > 


but 

therefore 

and 


Xq — - 
u 

X(i=T 


and —, 

o+«i i’o+>h 


Rln (x— 


A X 


If, then, is small, as m the dilute solutions we "are 
considering 

—x^Jn ( 1 — 
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therefore 

A X 
Xl ~RQ 2 ’ 

01 

A-— 

the familiar result 

~ X 


The method heie employed is the important thing to 
observe * The change m thermodynamic potential of the 
liquid solvent due to the presence of the solute—which does 
not affect the solid phase of the solvent—has to be neutralised 
by a change m temperature of the whole system This change 
can be calculated when the temperature coefficients of <p are 
known m terms of other thermal pioperties as we have seen 

ACTIVITY 

If one gram molecule of a substance is transfeired from a 
solution where its concentration is C t to a solution where its 

Q 

concentration is C 2 , the work done is RQ ln-zr> if the substance 

C 2 

behaves in accordance with van’t Hoffs law In more con¬ 
centrated solutions van't Hoff's law is not followed, and the 

Q 

expression i?0 In ceases to be even approximately exact 
c 2 

For some puiposes it is convenient to express the work 
done still m the form RQ In a x and a 2 being called the 

#2 

' activities' of the substance m its two states 
Having measured the work done m one of the various 
possible ways, for example by an electromotive force measure¬ 
ment, the ratio — can be calculated a x and a 2 cannot be 

#2 

found separately. By convention, however, some standard 
state is selected m which the activity is taken arbitrarily as 
unity The activity m any other state may then, of course, 
be calculated from an appropriate measure of the work done 
The sort of way m which activity is used may be illustrated 
by the aid of one example, the thallium amalgam concentra¬ 
tion cell (G N. Lewis) This cell has two electrodes consisting 
of thallium amalgams of different concentrations dipping 
into a solution of a pure thallous salt. When a Faiaday of 

* It is followed, for example, m the important paper of Debye and 
Huckel on the theory of solutions of strong electrolytes 
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electncity passes a gram molecule of thallium leaves tlu, 
more concentiated amalgam and is deposited into the weaker 
amalgam 

If we legarded the thallium amalgams as verj dilate with 
respect to thallium, we would find by applying \an’t Hotfis 
law to the dissolved thallium, 

nEF=RQ U 

C o 

But to amalgams containing anything from o to ioo per cent 
thallium we can apply the equation 

nEF=R9 hi - 1 . 

with its ad hoc defined ‘ activities ’ of the thallium m its 
different states 

For very dilute amalgams the activity is taken as equal 
to the ‘ molecular fraction' of the thallium, 1 e practically 
to the concentration 

The activity at any other concentration or molecular 
fraction is found as follows A seues of electromotive foxce 
measurements are made with one amalgam (activity a v 
constant) as one electrode and different amalgams (activities 
denoted by a 2 ) as the other electrode These measurements 
are expressed by the equation 

nEF=RQ In - 1 - 
cl 2 

- 7 7 

whence In >n a x — 

Subtracting from each side In x 2 w here x 2 is the concentra¬ 
tion of the thallium m the dilute amalgam, expressed as a 
molecular fraction, 

. a 2 , (nEF . . \ 

It will be seen that when r„=o, l e infinitety dilute amalgam, 
<z 2 is by hypothesis equal to Thus 


—=x and In—— o 

A, 2 %2 


Therefore 


In a x 


nEF 


hi % 2 


The procedure, therefore, is to plot 


nEF 

T20"* 


In x 2 against x 2i 
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and to read off its value for % z ~o This value gives In a x 
Having found a v all the other activities can be calculated 
In this way a table can be compiled giving the ' activity ' of 
the thallium m an amalgam of any strength 
This is now often regarded as a very good conventional 
way of recording experimental results 
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THE FOUNDATIONS OF THE PHASE HUE 

Ir is assumed that the readtr is familiar with elementary 
ideas of heterogeneous equilibrium, and the meaning oi such 
terms as solubility curve and eutectic point The object of 
the piesent chapter is not to discuss detailed applications of 
the Phase Rule, but to deal with its thermodynamic basis, 
and to illustrate the lines along which the thermodynamic 
results are to be intei preted m terms of the kinetic theory of 
matter 

The Phase Rule defines the conditions under which a 
system made up of vanous chemical species m them several 
physical states of aggregation can exist m a state of eq uihbnum 
Thiee definitions must first be established—namely, those 
of component, phase, and degiee of freedom 
Component is best defined by saying that the number of 
components of a system is the minimum numbei of different 
substances starting from which the system can be brought 
into existence Thus, if the conditions are such that no 
chemical action takes place in the system, the number of 
components is simply the number of diftcicnt substances 
which are present A slight complication arises only when 
there is chemical action so that some of the substances present 
at equilibrium need not have been added to the system as 
it was oiiginally constituted, but may have been produced 
m it from otheis by chemical change An example, however, 
wall make perfectly clear how the number of components is 
to be found m a case like this 
Consider the system nitric oxide, nitiogen, oxygen First 
we must decide once and for all whether we propose to con¬ 
sider the system at a temperature so low that the velocity 
of union of nitrogen and oxygen, or of decomposition of 
nitric oxide, is so slow as to be negligible, or whether we 
propose to consider the system undei such conditions that 
chemical equilibrium is established according to the equation 
N 2 +0^2N0 Thermodynamics has nothing to do with the 
rate at which a chemical change takes place, and will yield 

139 
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information about the system N 2 , 0 2> NO (no chemical 
change) as readily as about the system N 2 + 0 2 ^zN 0 (chemi¬ 
cal equilibnum established) The two systems are different 
systems from the thermodynamical standpoint, and it is no 
paradox that the number of components differs m the two 
cases In the first case the number of components is obviously 
three It is postulated that chemical change does not occur, 
hence nitrogen, oxygen, and nitric oxide must be added to 
the system as such Beyond the postulate that no chemical 
change occurs, there is no restiiction to be imposed Any 
results obtained will be generally valid, subject only to the 
limitation of the postulate, although naturally they will only 
have a useful application when the conditions m practice are 
such that the assumption of no chemical change is permissible , 
that is to say, at low temperatures 
In the second case, where we consider the system m which 
chemical equilibrium always prevails, the number of com¬ 
ponents is two instead of three This is because we can 
start, say, with nitrogen and oxygen, and allow the mtnc 
oxide to be formed from them m situ. It might be thought 
that the number of components is one only, since both nitrogen 
and oxygen can be introduced into the system by the decom¬ 
position of mtnc oxide But to see that this is false we have 
only to reflect that nitric oxide must always decompose into 
equal parts by volume of oxygen and nitrogen Thus, all 
possible mixtures of nitrogen, oxygen, and nitric oxide could 
not be prepared by the decomposition of nitric oxide We 
could obtain any ratio of nitric oxide to nitrogen, but the 
ratio of nitrogen to oxygen (by volume) in all the systems 
producible m this manner would be unity. To produce any 
desired proportions we should have to allow nitric oxide to 
decompose, and simultaneously introduce one or other of the 
two products so as to adjust the ratio of nitrogen to oxygen 
to the required value Hence the system must be regarded 
as a two component system If we wish for a special purpose 
to treat the case in which nitrogen and oxygen are only 
present m the proportions m which they are derived from 
mtnc oxide, then for this special purpose we may treat the 
system as a one component system, but any results we derive 
will remam subject to this limitation. 

The Phases of a system are the portions of it which are 
separated by boundary surfaces , or, as it is sometimes ex¬ 
pressed, the ‘ phybically distinct, mechanically separable ' 
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portions of a system Examples arc too obvioas and familiar 
to need mentioning 

The number of degrees of freedom oi a system is the number 
of variables determining the state of the system which must 
be arbitrarily fixed m order that the state of the system 
may be completely defined * This requires a little further 
elucidation First, with regard to the variables which deter¬ 
mine the state of the system we may say that these comprise 
the following the concentration of each component m each 
phase, the temperature, the pressure, the geometrical nature 
of the boundary between each pair of phases, and the electrical 
condition of the system In exceptional cases other factois, 
such as magnetic state, may come m It is clear that if all 
these variables are known the system is completely described 

But we find that they cannot all vary independently, and 
that when definite values are assigned to a certain number 
of them, then all the others are automatically determined 
The number of variables to which definite values can be 
assigned befoie the state of the system becomes uniquely 
determined is called the number of degiees of freedom oi the 
system 

For most purposes the only vanable factors whose influence 
need he considered are temperatuie, piessure, and the various 
concentrations Most systems may be regaided as at a 
uniform electrical potential equal to that of the earth, so 
that the electrical conditions may be regarded as uniform 
and constant The equilibrium between two phases can be 
shown easily to depend upon the radius of curvature of 
the boundary suiface (or, strictly speakmg, tht two principal 
radii of curvature) For example, the temperature at which 
a drop of water is m equilibrium with water vapour depends 
upon the radius of curvature of the drop, that is to say, upon the 
size of the drop, but it is also easily ascertainable that except 
m the case of very small drops the effect is small When 
two phases are present in considerable amount the radius of 
curvature of the boundary is large, or, m other words, the 
surface of sepaiation is sensibly plane, and the influence of 
radius of cuivature upon the equdibnum between the phases 
becomes quite negligibly small It is also obvious that the 
eqmlibnum between two phases with a plane surface of 
separation is independent of the absolute amounts of the 

* This use must not be confused with the meaning of the expression * degree 
of freedom,’ used m the 11 echamcal sense m Chapter I 
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phases present, so that the geometrical nature of the boundary 
is without influence Our variable factors thus reduce to 
concentrations, temperature, and pressure 
In all systems where these qualifications exist, that is to 
say, wheie electrical effects are absent, and there are no very 
small particles or surfaces of separation of small radius of 
curvature, generally speaking m all except colloidal systems, 
the phase rule now takes the foim 
P-\-F=C-\- 2, 

where P=number of phases, C=number of components, 
P=number of degrees of freedom 

DERIVATION OF THE PHASE RULE 

Suppose we have a system of C components m P phases, 
subject to the above limitations. The number of variable 
factors may easily be counted up First, the proportions of 
each component m each phase must be known But these 
are known if the proportions of (C—i) components in each 
phase are given If, for example, the proportions are ex¬ 
pressed m percentages by volume, and the percentages of 
(C—i) components m a given phase amount to x per cent, 
then the percentage of the remaining component cannot be 
anything but (ioo— x) Hence, for the P phases P(C—i) 
proportions or concentrations must be given In addition, 
the temperature and pressure of the system must be known ; 
for thermal and mechanical equilibrium of the system, of 
course, the tempeiature and pressuie must be the same m 
each phase This completes the number of variable factors, 
because we suppose capillaiy and electrical effects to be 
absent Thus, we have 

Number of variables=P(C— i)+z 
These, as we have said, are not independent Ice, water, 
and water vapour of given vapour pressure cannot, for example, 
exist at any arbitrarily chosen temperature In fact, the 
three phases can only exist m equilibrium at one fixed tem¬ 
perature, and then under a definite vapour pressure Hence 
‘ functional relationships ' must exist between some of the 
variables The problem is now to investigate these 
relationships 

To begin with, we have already said that thermal and 
mechanical equilibrium demands equality of temperature and 
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piessure in all the phases This really m\ oh es a series of 

relations 0!=0 2 , 0 3 =0 S , pi=p^, p2~Pz etc, 

which reduce what would have been 2P variables to 2 only 
The question of concentrations is, of course, not touched, and 
we now need lelations determining the equilibrium of material 
between the various phases 

The whole system is at constant temperature and pressure 
Hence, the thermodynamic criterion of equilibrium is that 
for any small virtual change subject to the constant tempera¬ 
ture and pressure condition dcp=o, where 9 is the thermo¬ 
dynamic potential of the system (p ico) Now 9 is a function 
of all the concentrations m each phase For 9=22^ where 
<Pi, 9 2> etc, are the thermodynamic potentials ot the se\eral 
phases, thus 9=E [U— and U, S , and clearly 

depend on the concentrations of the components It must 
be emphasised that 9 depends upon the concentrations as 
well as on p and 0 The importance ot this fact will appear 
in a moment 

Now we obtain the relations governmg the material equili¬ 
brium by equating to zero all possible virtual changes m 9 
at constant temperature and pressure due to virtual changes 
in the various concentrations 

There are P phases Each must be m equihbnum with 
all the others But since it is obvious that two phases which 
are respectively m eqmhbnum with a third phase are also m 
equilibnum with one another, we need only consider the 
equihbnum between the first and the second, the second and 
the third, and so on, that is to say, between (P—1) pairs 
of phases 

Take one pair, and, while everything else remains constant, 
let a small quantity da of one of the components pass from 
the first phase to the second Nothing else changes m the 
whole system This virtual change thus produces m 9 the 


change 


But tor equihbnum ^9=0, and since -da 


. ^9 

is not zero ~ =0 
oa 


The importance of choosing for the discussion of the 
equihbnum conditions a quantity like 9, which is a function 
of the concentrations, is clear, since, if one had chosen, say, 0, 

^ is clearly zero, 6 being independent of a, and the mforma- 
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tion that 0=0 is not of much value, though m special cases 
it may be true 

Similarly, considering the same pair of phases, we arrive 

at similar relations ^ =o, etc , for each of the other com¬ 
oo 

ponents Thus, to express the equilibrium between this pair 
of phases we have C relationships ot this form 
But the equilibrium of the whole system is governed by 
the equilibrium between (P—i) pairs of phases , thus we have 
Number of functional relationships=C(P—i) 

It is well known that n separate and independent equations 
completely define the values of n vanables 
The C(P—i) equations which we have just seen to exist 
will fix the values of C(P—i) variables But P(C—1)+2 
variables are necessaiy to describe the state of the system 
Of these P(C—1)+2, therefore, C(P—i) are fixed The 
difference, P(C~i)+2—C(P—i), gives the number of 
variables which are not fixed, and may be given any values 
we like They are the degrees of freedom Thus 
F—P(C —i)-j~2—C(P—1) = —P 4 - 2 -|-C» 
p+F=C+2. 

SOME SPECIAL POINTS CONNECTED WITH THE APPLICA1TON 
OF THE PHASE RULE 

The ordinary applications of the phase rule to simple cases 
of heterogeneous equilibrium are familiar and need not detain 
us here. Certain points, however, frequently present diffi¬ 
culty, and may be briefly discussed, although they are not 
part of the argument of this chapter 
The first relates to the question of pressure and vapour 
pressure The difficulty may be illustrated m the following 
way. Consider a bell-jar standing over water, the air space 
m the jar being saturated with water vapour. We are 
tempted to apply the phase rule to the water and its vapour, 
putting C=x, and P=2, which gives us P=i Hence, we 
might conclude that if the temperature be fixed the pressure 
will also be defined As regards the vapour, it is true enough 
that the vapour pressure has a definite value at a definite 
temperature, but as regards the liquid, it is quite untrue 
to say that at a given temperature we cannot vary the pressure 
on the liquid without causing a phase to disappear The 
error we have committed, however, is that we have regarded 
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as a one component system what is really a system of more 
than one component. If we wish to regard liquid and vapour 
as a one component system, we must have the space above 
the liquid vacuous except for the vapour of the liquid itself 
There must be no air or other gas present Then, of course, 
no extra pressure can be transmitted to the liquid without 
simultaneously appearing m the vapour as increased vapour 
pressure which at once causes condensation The whole 
system is then truly mono variant The case of liquid having 
above it an inert gas saturated with the vapour ot the liquid 
must be treated as follows Suppose the gas be nitrogen 
rather than air, so that only one foreign gas need be dealt 
with The system is now a two component system, and has 
two degrees of freedom If the temperature be fixed one 
degree of freedom is left There are, how ever, three variables, 
namely, pressure, concentration of nitrogen dissolved m liquid, 
concentration of vapour of liquid m gas phase. Pressure 
now has no ambiguous meaning It is equal to the sum of 
the actual vapour pressure of the liquid and the actual 
pressure of the nitrogen, and this sum is naturally equal to 
the hydrostatic pressure of the liquid If, now, this total 
pressure be fixed the whole system is defined, the concentra¬ 
tion of the nitrogen m solution is fixed and the partial pressure 
of the vapour of the liquid m the gas space is fixed This is 
quite m accord with experience If excuse is needed for 
introducing a discussion of this rather obvious point, it must 
lie m the observed phenomenon that many students find it 
more of a stumbling block than the actual proof of the phase 
rule or its application to quite complicated systems 

Another point worthy of mention at this point relates 
to the form which the phase rule assumes when applied to 
the so-called condensed systems Here the pressure on the 
system is greater than the vapour pressure of all the substances 
present The gas phase, therefore, disappears completely 
The phase rule then takes the form 
P+F«C+i. 


THE CASE WHEN CAPILLARY EFFECTS ARE NOT NEGLIGIBLE 

When there are large surfaces of sepaiation, as m all 
colloidal systems, the eqmhbnum between two phases is 
influenced by the condition of the boundary 

Suppose we have two liquids only partially miscible If 
10 
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they form two bulky layers, then the influence of the surface 
of separation is negligible The phase rule is applied m the 
form P+F—C +2 We know from this that their mutual 
solubility is fixed at a given temperature and pressure Now, 
suppose one is shaken into fine drops dispersed m the other, 
so as to form an emulsion The solubility now depends upon 
the size of the emulsion droplets The radius of these is a 
new degree of freedom The phase rule now assumes the form 
P+F=C +3 


DISCUSSION OF THE PHASE RULE FROM THE STANDPOINT 
OF THE KINETIC THEORY 

The foregoing thermodynamic arguments leave us m the 
dark as to the mechanism behind the phenomena of hetero¬ 
geneous equilibrium It will now be useful to interpret some 
of the phase rule results m terms of the kinetic theoiy 
Let us begin with a simple instance and compare the two 
systems 

NHiCh*NH 9 +HCl 

(\apour) 

Solid benzene ^liquid benzene 
We will regard the first system as a one component system, 
that is to say, preclude the addition of excess of either am¬ 
monia or hydrogen chloride The system is of one component 
m one phase, so that the number of degrees of freedom is two 
We may therefore fix the pressure arbitrarily and have a 
degree of freedom left over That is to say, the degree of 
dissociation will vary continuously with the temperature 
In the case of the system, solid benzene, liquid benzene, 
we have one component as before, but two phases (In order 
that vapour shall be absent the pressure is to be assumed 
greater than the vapour pressure) Thus, there is only one 
degree of freedom, and if the pressure be fixed there is only 
one temperature at which solid and liquid benzene exist m 
equilibrium There is a sharp contrast between this system 
and the ammonium chloride system, for a change of tempera¬ 
ture, instead of producing a corresponding change m the 
proportion of liquid to solid, causes the complete disappear¬ 
ance of one of these phases To see the kinetic interpretation 
of the fact that the presence of an extra phase destroys a 
degree of freedom, we will first see why it is that, under a 
given pressure, solid and liquid can only be m equilibrium at 
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one temperature, wheieas m a one phase system a complete 
equilibrium-temperature cuive can be traced 
Consider a plane face of the solid of unit area in equilibrium 
with the corresponding liquid Let the whole system be 
under any fixed pressuie, large enough only to ensiue the 
absence of vapour The equilibrium between the solid and 
liquid is a dynamic one, molecules of the solid contmualh 
passing into the liquid phase, while m a given time an equal 
number ol molecules lea\e the liquid phase and take up 
positions on the face of the solid Regarding the solid as 
crystalline, we should say that growth and dissolution are 
taking place at equal lates, but independently ol one another 
Let us regard the two processes separately for a moment 
The giowth of a crystal face depends upon the retention of 
such molecules from the liquid phase as may approach it 
suitably orientated, and perhaps with appropriate velocities 
In the converse process certain molecules leave the lace of 
the solid, having acquned by chance, m the course of the 
thermal agitation, an outwardly directed kinetic energy large 
enough to enable them to overcome the attractive" forces 
retaining them m the solid stiucture It is easily seen that 
the two opposing processes are distinct in nature from one 
another The rates at which they occur are quite indepen¬ 
dent Both rates will clearly be influenced by pressure, 
which affects the closeness of packing of the molecules, and 
by temperature, but again mdependently of one another, and 
not to the same extent quantitatively For a given pressure 
there will be a certain rate of growth, dependent on tempera¬ 
ture m one way, and a certain rate of dissolution, dependent 
on temperature m another way Each rate could be plotted 
against temperature m the form of a curve At a certain 
point the curves would cut, that is, at a certain temperature 
the two opposing rates are equal This is, of course, the 
temperature at which solid and liquid are m equilibrium 
under the given pressure and is therefore the melting point 
If the temperature is raised slightly, one of the rates becomes 
greater than the opposing rate As a matter of fact, it may 
be shown that a rate like the rate of dissolution which depends 
upon the acquirement by certain molecules of an excess of 
energy is much more increased by a rise m temperature than 
a rate like that of solidification which depends simply on the 
approach of the molecules to the surface Hence, when the 
temperature is increased it is the rate of melting which 
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overtakes the rate of solidification , but we need not go into 
detail over this, since it is sufficient from the pomt of view 
of the phase rule to know that one of the rates becomes 
greater than the opposing one The phase rule does not say 
which phase disappears when the temperature of a non- 
variant system is changed Supposing the temperature to 
rise slightly above the melting point molecules begin to leave 
the surface of the solid moie rapidly than they return Now, 
the all-important thing from the pomt of view of the present 
argument is that the liquid is quite unaltered by a fresh influx 
of molecules of the same species as those of which it is already 
composed Hence the rate at which it yields molecules to 
the solid is unaltered The mci eased rate of dissolution of 
the solid leads to no change m the liquid whereby the opposing 
rate of solidification can be increased There is no reaction 
whatever to the increased rate of melting relative to the rate 
of solidification Hence the change proceeds without check 
until the solid has completely melted In a precisely analo¬ 
gous way, in any one component two phase system at constant 
pressure, a displacement of the temperature from the equili¬ 
brium value causes the velocity of transition of one phase 
into the other to become greater or less than the reverse 
change The system being of one component and the pressure 
being constant, no concentration changes can come into play 
by way of counterbalancing this Hence the system must 
change until one or other of the phases has disappeared 
entirely Other examples similar to the case of melting just 
described can easily be thought out, and the generality of 
this statement will then be clearly seen 
In the case of ammonium chloride, the existence of the 
system in one phase instead of in two phases makes a funda¬ 
mental difference Consider the system m equilibrium under 
a fixed pressure at a given temperature The undissociated 
ammonium chlonde vapour corresponds to the solid m the 
previous example, the equimolecular mixture of ammonia 
and hydrogen chlonde, regarded as a single whole, corresponds 
to the hquid of the previous example Equilibrium is main¬ 
tained by the equality of the two opposing processes, rate of 
dissociation and rate of recombination Just as befoie, these 
rates are independent and independently influenced by 
temperature and pressure Let the temperature be raised 
slightly, the pressure bemg kept constant One of the rates, 
say, the rate of dissociation, now piedommates over the othci. 
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Thus more ammonium chloride dissociates This does not 
go on indefinitely, however, as when the sohd-hquid equili¬ 
brium was displaced, since a counteracting influence is 
immediately called into play The concentiation of the 
dissociation products is increased relatively to that of the 
ammonium chloude, and the rate of recombination increases 
from this cause relatively to the rate of dissociation until 
both become equal again This compensating reaction cannot 
occur when the equilibrium is between two phases of a pure 
substance, because, as we have pointed out, the nature oi a 
phase is unchanged by a mere addition of fresh material to it. 

It is easy to see that the conclusion drawn fiom a com¬ 
parison of these two systems is quite general We are thus 
justified on kinetic grounds m saying that, if for a system 
with a given number of components we increase the number 
of phases by one, w r e decrease the number of degrees of 
freedom by one This can be further extended Consider 
the system 

Solid^Liqmd ^Vapour 

The kinetic theory of the liquid, vapour equilibrium, was 
discussed m Chapter V, page 92, when it was seen that at a 
given temperature the vapour pressure must have a fixed 
value Thus, m the system w T e are considering, the pressuie 
is fixed This being so, the simultaneous existence 01 the 
solid-liquid equilibrium demands that the temperature shall 
have a definite value Hence there are no degiees of fieedom 
as compaied with the one degree of freedom we had when 
only two phases were present 

We may thus generalise a step farther and say that, for 
a given number of components, the introduction of each fresh 
phase leads on kinetic grounds to the reduction of the number 
of degrees of freedom by one 

Now let us consider the addition of another component 
We will take two examples first, the case of two solids which 
do not form mixed crystals and whose corresponding liquids 
form a single phase, and secondly, the case of two solids 
which form mixed crystals in all proportions 

Solid and liquid m a one component system under a given 
pressure can only exist in equilibrium at one temperature 
This has already been shown Two component systems have, 
according to the phase rule, an extra degree of freedom 
Thus, a solid A can exist m equilibrium with liquid composed 
of A and B ovex an extended range of temperature Similarly 
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with solid B Solids A and B, however, are only m equilibrium 
simultaneously with the liquid at one temperature, the eutectic 
temperature We have now to see that this result follows 
simply from the kinetic theory 

Consider a plane face of solid A m equilibrium at a given 
temperature with liquid composed of A and B The rate of 
deposition of molecules of A from the liquid on to the face 
of the solid is equal to the rate at which molecules leave the 
face of the solid and enter the liquid Molecules of B are 
not deposited on A, the two substances being assumed not 
to be miscible m the solid state Let the temperature be 
changed slightly, so that the rate of melting of A is increased* 
Were the liquid pure A, then all the solid would melt But 
m the present case, when a certain amount of the solid A 
has dissolved, the concentration of A in the liquid will have 
increased, and for this reason the late of return of molecules 
to the solid will mciease until it is once more equal to the 
rate of leaving Hence at a new temperature a new equili¬ 
brium is estabhshed between solid A and a liquid of different 
composition from the original liquid The presence of the 
second component B m the liquid introduces a concentration 
effect on the velocity of return, which enables the system to 
react to a change m the rate of melting of A This was 
absent m the case of the pure liquid 

Similarly, equilibrium between solid B and the liquid will 
be possible over a whole range of temperatures, since a change 
m the rate of melting of B, brought about by a change m 
temperature, can be counterbalanced by a change m the rate 
of return of molecules to the solid as the concentration of B 
in the mixed liquid varies Here, then, we see that an extra 
component introduces an additional degree of freedom 
At a given pressure we cannot have both solid A and solid 
B m equilibrium with the liquid over a continuous range of 
temperature For let us consider a paiticular temperature 
in the range where A can exist m equilibrium with liquid 
The rate at which molecules leave the surface of solid A is 
fixed at a given temperature Thus the concentration of A 
m the liquid will adjust itself to such a value that the rate 
of deposition equals this The concentration of A m the 
liquid being thus fixed, that of B is also fixed But this 
automatically determined concentration of B will not in 
general be equal to that which would produce a rate of 
deposition of B equal to the rate of melting of solid B We* 
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might suppose it to be greater than this, onl} that m this 
case more B would solidify, thus leaving more A m solution, 
so that more A would solidify, and we should end with suhd 
A and solid B and no liquid This would, of course, corre¬ 
spond to a temperature below the eutectic point, it dees 
not correspond to the case postulated, namely, that solid A 
shall be m equilibrium with liquid We mu^t therefore 
conclude that the concentration oi B 111 the liquid is smaller 
than that required for equilibrium with solid B , so that all 
the solid B dissolves Similarly, w hen sobd B is m equilibrium 
with liquid, it will be seen that m general all A must dissche 
We thus see from the kinetic standpoint that we can plot 
curves giving the concentiation of liquid which 13 m equili¬ 
brium with solid .1 and solid B respectively at \anous 
temperatures At one temperature, where these cur\ts cut, 
the composition of the liquid which is m equilibrium With 
A will coincide with that which is m equilibrium with B 
Here, and only here, the two solid phases may exist m equili¬ 
brium with liquid Incidentally, w r e see again that the 
addition of a phase removes a dcgiee of freedom 

A and B may be present together in the solid state without 
introducing two phases if they form a solid solution The 
phase rule tells us that a solid solution of A and B can exist 
m equilibrium with liquid not merely at a single temperature, 
but over a range of temperatures The kinetic interpretation 
of this is clear 

First consider A and B as separate solid phases in equili¬ 
brium with the liquid at the eutectic temperature Let the 
temperature be raised slightly As w r e have ]ust seen, the 
composition of the liquid cannot adjust itself to remain in 
equilibrium with both solid A and solid B, so that for one of 
them the rate of melting exceeds the rate of solidification, 
and all of this one dissolves Now compare the case of a 
solid solution of A and B m equilibrium with the liquid at 
same temperature The rate at which molecules of A leave 
the surface of the solid solution is equal to the rate at which 
they return, and similarly for B But the number of mole¬ 
cules of A which leave unit area of the solid in unit time is 
no longer an invariable quantity The surface now consists 
of molecules of A intimately mingled with molecules of B , 
so that the number of molecules of A which leave m a given 
time depends upon the concentration of A in the solid solution 
When the temperature is raised we shall find, as before, that 
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the liquid which provides a suitable rate of return of molecules 
of one kind to the solid phase will provide too small a rate 
for molecules of the other Suppose it is B whose molecules 
are now leaving the solid more rapidly than they are returning 
Were we dealing with pure B in the solid phase it would all 
melt, but, since we now have a concentration effect m the 
solid phase as well as m the hquid phase, molecules of B will 
merely pass into the liquid until the concentration of B in 
the sohd solution, and hence the rate at which molecules 
leave the solid, falls once more to an equilibrium value 
Hence we see once more, then, an extra degree of freedom 
appears when we dimmish the number of phases by one 
It should be clear from the foregoing discussions that 
(a) for a given number of phases the introduction of each 
new component produces an additional degree of freedom, 
while (b) for a given number of components the introduction 
of each new phase causes a degree of freedom to disappear 
Thus, when C is constant P+F is constant, while when P 
is constant F—C is constant On combining the two results 
P+jF—C= constant To evaluate the constant, we consider 
the special system of i component in 3 phases, which we saw 
on kinetic grounds to be non-vanant Here P=3, C=i, 
F=0 Whence, constant=3+o-i=2 
Thus P+F-C= 2, or P+P=C-f2, and we see that quite 
general kmetic considerations lead to the same result as the 
thermodynamic investigation To render the mechanism 
clear we have, proceeded by a process of induction, but the 
derivation could have been made quite general 
It is a mistake to think that most thermodynamic results 
cannot be visualised m terms of molecular theory That is 
why we have devoted some space to a discussion of this 
problem 
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THE PROBLEM OF CHEMICAL COMBINATION 

The problem of what is often called chemical affinit) has 
aroused interest from the earliest days of chemistry But 
before fve can proceed to investigate what results are yielded 
by the application of thermodynamics to the question, we 
must first decide clearly what we mean by the term ‘ affinity,’ 
which is frequently used in an ambiguous way. 

The first point to recognise clearly is that all chemical 
reactions are, if only to an immeasurably small extent, 
reversible A chemical equilibrium, dynamic in nature, is 
established by the balancing of the rates of two opposed 
reactions It frequently happens that in such a change as 
A -)- B ^ A B 

i molecule i molecule 

the amounts of A and B which remain uncombmed at equili¬ 
brium are extremely mmute, and the reaction can be regarded 
for practical purposes as irreversible In an example hke 
this it is just to say that the affinity of A for B is great 
At a diff erent temperature the amounts of A and B remaining 
uncombmed at equilibrium might be much larger The 
affini ty of A for B would be less than before At yet another 
temperature the compound AB might be very largely dis¬ 
sociated at equilibrium This would mean that the affinity 
of A for B was small It is the extent to which a reaction 
has proceeded when the equilibrium point is reached which 
measures the affinity of the combining substances for one 
another The equilibnum constant is the quantity on which 
we must fix our attention in seeking a quantitative measure 
of affinity 

It is necessary to draw a very clear distinction between 
affini ty and ‘ reactivity' Because oxygen and hydrogen at 
or dinar y temperatures may exist together without com¬ 
bining it must not be said that the affinity is small Their 
reactivity is low, that is to say, the rate of combination is 
small, but when equilibrium is finally established—even 
though a very great time is required for its establishment— 

i53 
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then they are found to have combined almost completely 
The equilibrium constant 

I 

[H,n0 2 ] 

is large, and this is what we mean when we say that the 
affinity is great 

There is no sort of correlation between affinity and reac¬ 
tivity , it might be thought that m general substances with 
a large affinity for one anothei would combine more rapidly 
than those with little affinity, but the cursory consideration 
of a few cases like that of oxygen and hydrogen at ordinary 
temperatures soon shows that no such relation exists The 
reveise is indeed very often true It has been shown that 
m the reaction 4H^He, which according to our views of 
atomic structure is theoretically possible, the formation of 
helium at equilibrium should be almost complete and that the 
affinity should be much greater than m any of the more 
ordinary chemical reactions Yet the velocity is so small 
that no trace of such helium synthesis has ever been detected 
This extreme instance may help to emphasise the complete 
lack of correlation between reactivity and affinity Usually, 
however, the equilibrium point can be reached by suitable 
means Therefore the discussion of equilibrium lelations 
without reference to reactivity is quite as important as that 
of reaction velocity From the practical point of view both 
aspects of the subject naturally have to be considered 

With regai d to reactivity thermodynamics yields practi¬ 
cally no information, while with regard to the problem of 
affinity it yields an almost complete solution We must 
first decide upon a quantitative measure of affinity In the 
case of a gaseous reaction, a reaction m dilute solution, or 
indeed any homogeneous reaction it might be thought that 
the value of the equilibrium constant K , and its variation 
with temperature according to the equation, 
d In K_ U 

would define the situation quite adequately But for the 
purpose of further development, and incidentally to make 
possible a uniform treatment of both homogeneous and 
heterogeneous reactions, it is convenient to frame the formal 
' definition of affinity in the following way When a reaction 
proceeds from a given initial state to a given final state the 



THE PROBLEM OF CHEMICAL COMBINATION 155 

affinity is measured by the maximum work which the process 
can be made to yield In other words the arfinity is to be 
measured by the quantity A which w*as discussed at some 
length m Chapter IV The adi antages ot this nitthod of 
formulation are many Let us take the example dealt v ’th m 
Chapter IV, the water gas reaction We found that starting 
wuth carbon monoxide and steam at concentration^ C x and C o 
and converting them with the aid of an equilibrium be x into 
carbon dioxide and hydrogen at concentrations C 3 ard C x the 
maximum work is given by 

^=i?o| If $£*-ln k] 

A depends not only upon the nature of the substances taking 
part m the reaction, but also upon other conditions Pure 
carbon monoxide and pure steam at certain temperatures 
have a great tendency to combine , that is to say, eq uili brium 
is not established until a considerable proportion oi carbon 
dioxide and hydrogen is produced But when the concentra¬ 
tions of carbon dioxide and hydrogen ha\e reached equilibrium 
values the tendency of carbon monoxide and steam to react 
further disappears The affinity thus depends upon the 
conditions of concentration, and, as w~e ha\e seen, when 
C v C 2> C 3 , and C 4 are equilibrium values 

In K, and 0 

When C x and C 2 are greater than the corresponding equi¬ 
librium values and C 3 and C 4 less, then A is positive and the 
affinity m the dnection of carbon dioxide and hydrogen 
formation is positive When C x and C 2 aie less than the 
corresponding equilibrium values, and C 3 and C 4 greater, then 
A is negative, that is to say, there is a negative affinity in 
respect of the direct reaction so that instead ot carbon 
monoxide and steam reactmg to yield carbon dioxide and 
hydrogen the reverse change takes place 

Berthelot's suggestion that the heat of reaction could be 
Tegarded as a measure of affinity is at once disproved by the 
fact that m any reversible reaction the affinity may be 
positive or negative according to the concentrations, while 
the heat of reaction is a constant quantity Hydrogen and 
oxygen have a great tendency to combine at 2,000°, m the 
sense that they will combine to a very large extent, the \ aiue 
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of being very small It is true that the 

\ti gC/J 

evolution of heat m the reaction is veiy large, so that this 
example is m accordance with the Berthelot principle But 
pure steam at 2,000 0 tends to dissociate to a slight extent, 
that is to say that the endothermic dissociation has a positive 
affinity m contradiction to the Berthelot principle We 
cannot therefore m any sense regard the heat evolution as a 
measure of the tendency of a reaction to take place, m 
the same way that the quantity ^ is a measure of this 
tendency 

Nevertheless it is very frequently found that m highly 
exothermic reactions the equilibnum constant, written with 
reactant terms m the numeiator, is veiy small Hence the 
reaction would have to proceed very far before the reversal 
of affinity occurred In this sense Berthelot's principle is 
often an approximation to the truth, and we shall sec later 
that the heat of reaction actually is one of several factors 
which determine the affinity The Berthelot principle is 
part of the truth but not the whole truth 

With regard to heterogeneous reactions we have already 
seen that the quantity A is an effective measure of the 
tendency of such reactions as the conversion of grey tin into 
white tin to take place 

Having decided on the maximum work as the measure of 
affinity we must proceed to inquire what information the laws 
of thermodynamics yield about its magnitude m any given 
instance We have already the following relationships— 
first the general relation applying to any isothermal change 

A-U=^ d> 

We can apply this directly to any chemical change m which 
the volume change is negligible, and to others with simple 
corrections 

Secondly, applying to the special case of gas reactions, 
or reactions m dilute solution where osmotic laws analogous 
to the gas laws are obeyed, 

A=Rb{'ZlnC-lnK} . (2) 

and thirdly, applying to the same cases, the van’t Hoff isochore 
din K U 
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THE PRINCIPLE OF LE CHATELIER 

Before proceeding to develop these equations further a 
direct consequence of (3) must be discussed Endothermic 
compounds are formed to an increasing extent with rise of 
temperature, wdule exothermic compounds are more and more 
dissociated More generally the pi maple may be stated 
thus Increase of tewpcratinc favours the pi eduction of the 
system which is fanned with absorption of heat This follows 
immediately from equation (3) U is the decrease m internal 
energy accompanying the progress of the reaction m the 
direction reactantsproducts, it is thus heat evolved A 
positive value of U thus represents an exctheimic reaction 

When U is positive —~^q~ ’ must also be positne, or In K, 

and hence K itself, must increase with temperature But K 
is written with reactants m the numerator Hence as K 
increases reactants increase at the expense of the products 
Thus the products resulting from the exothermic reaction 
are less and less completely formed as the temperature 
increases The converse follows m the same wa\ 

The second laiv ot thcimodynamics gwes us the exact 
equation 

dJnJK^U^ 

dQ 

The particular mfeience from the equation which we ha\e 
just diawn is, however, already implicit in the assumption 
that a stable equilibrium between reacting substances and 
products can exist at all This may be most simply seen by 
supposmg that increase of temperature might favour the 
production of the system formed with evolution of heat 
Let products and reactants be m equilibrium at a given 
temperature m an adiabatic enclosure Let there be an 
infinitesimal displacement of equilibrium m the direction of 
formation of the products Heat is evolved, the temperature 
rises by an infinitesimal amount causing a further displace¬ 
ment of equilibrium m the same direction as before This 
involves further evolution of heat, and further accentuation 
of the oiigmal virtual displacement until finally the reaction 
proceeds to completion in this direction No stable equi¬ 
librium is thus possible unless increase of temperature leads 
to a displacement of equilibrium in the opposite sense to that 
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just postulated namely, the displacement must be m the 
direction of the system formed with absorption of heat 


INTEGRATION OF THE EQUATIONS CALCULATION OF TRANS¬ 
ITION POINTS AND EQUILIBRIUM CONSTANTS 

Considering equations (i) and (3) let us see what information 
we may obtain if the equations can be completely integrated 


that is 


A - u = e ¥o- 

QdQ 0 2 0 4 ' 

d 
dQ 


A \ U 

0 / 6 *’ 



( 4 ) 


To calculate A at any tempeiature we must know both U 
and the integration constant J If these are known A is 
given in terms of 6 Knowing U and J, for the reaction 
grey tin —> white tin for example, we could calculate the value 
of A at any temperature or conversely calculate the tempera¬ 
ture at which A= o, that is the transition point 
Similarly by integrating equation (3) we obtain 

lnK =fm* +I ( 5 ) 


If U and I are known the absolute value of K at any 
temperature can be calculated 
In equations (4) and (5) it must be borne m mind that U is 
not constant but varies with temperature On page 28 it 
was shown that 

^„_Suin of specific heats __ Sum of specific heats 
dd of reactants of products, 

=Sa x —S<7 2 

The specific heats themselves vary with temperature, so 
that we have 

J7=C7 0 4 f 

Jo 
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and. this value of U should be substituted m equations (4) 
and (5) when the integration is perfoimed 
The laws governing the variation of specific heats with 
temperature are complex, but the actual values ot 

s*Q /*6 

<SQ */o 

can be expiessed to any required degree of accuicX\ b% a 
senes ^0+&0 2 +cO 3 +^0 4 a, b> c d ha\mg valut s 
determined from the experimentally obseived specific heats 

Thus t 7 =U o +tf 0 +&O 2 +cO 3 

and equation (4) becomes 


or 


A f\ 0~t _ ^® _ r^ 2 "T C ® 3 

-f6/> 


J e 2 


C A3 

.] —U 0 —ad hi Q—IQ -—— 


lb) 


and equation (5) becomes 



I7q‘4~<jz0-|-5O* - '-|-c(H 


or 


In 


Hp 

RO 


a In 0 bO cO 2 
~ 1 T~ + R + 2 R 


I, 

+/ 


7 ) 


U 0 , a , b f c are purely thermal data, which must be 
determined expenmentally—or, m pnnciple at least, colcu- 
lated from molecular forces * 

The first and second law r s of thermodynamics yield no 
information about the integration constants J and I Thus 
to calculate K at any required temperature we not only 
need to know the values of the vanous thermal quantities 
involved, but we must know the value of K at one particular 
temperature m order to substitute and find the \alue of I 
once and for all It might therefore be thought that A and K 
remain quite specific and nndetermmed by the thermal data 
But Nemst has shown that by the addition of another quite 
general principle to the laws of thermodynamics the problem 
may be solved 

* Bom and Lande have made some progress in this direction 
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nernst’s heat theorem 


Nernst fiist deals with the calculation of A for systems m 
which only liquid or solid substances are present, that is for 
condensed systems For these condensed systems—and it 
must be emphasised that the assumption to be made only 
applies to condensed systems —-he assumes that when 0=o 

dA dU 

'j. =o and Vn =o 

This assumption makes J= o, so that A can be expressed m 
terms of 0 without an undetermined integration constant 
For ~ ‘ 


when 

therefore 

Thus 


U=U 0 +aQ+bQ 2 +c& 
C jt-=a-\-2bG+3cQ 2 


when 
therefore 
Also from (6) 


0=o 


a—o 


dU 

dQ 


=a— o. 


A = U o -^O/wO-60 2 


£0^ 

2 


+ 9 /. 


= U 0 -l 


dA 

dQ 


60- 


2 _£^! 

2 

3 C 0 2 
2 

dA T 

T^ =0 ’ 


+ 07 , 

+/, 


0=0 
7=0 

U=U 0 +b^+cQ\ 


( 8 ) 


A=U n -bQ z - 


C0 3 


(9) 


Therefore when U is known as a function of temperature, A 
is also known 

The justification of Nernst’s theorem depends upon the 
fact that the calculations of A made from thermal data m 
this way agree with experiment Further there is direct 

evidence that ^ becomes smaller as temperature falls 
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For example the difference between the specific heats 01 solid 
and super-cooled liquid becomes smaller as the temperature 
is lowered 


CALCULATION OF TRANSITION POINTS 


We have had many examples of the principle that at a 
transition point the quantity A becomes zero By the aid 
of Nemst's two assumptions we have now obtained an expres¬ 
sion for A in terms of the thermal data U 0 , b , c , and the 
temperature If this equation is solved lor the value of 0 
corresponding to -<4=0 we obtain the transition point In 
particular from a knowledge of the latent heat of fusion and 
the specific heats of liquid and solid over a range ot tempera¬ 
ture it is possible to calculate the melting point ot a substance 
As an example of such a calculation we may take the 
following 

Suppose the specific heat of one allotropic form of a sub¬ 
stance m the immediate neiglibouihood of 35° C is 0 314, and 
that of another allotrope m the immediate neighbourhood 
of the same temperature is o 436 At 55 0 C let the correspond¬ 
ing values of the two specific heats be o 343 and o 473 
Then we have 

difference between specific heats 

At 35 0 C , where 6=273+35=308°, 
dU , 

Te =0436-0 314, 

=0 122 , 

and at 55° C, where 6=273+55=328°, 
iU 

^ 0=0 473-0 343 , 


Now we have 


=0 130 

the equations (8) and (9) 
D r =C7 o +&0 s +c0 3 , 


A=U 0 -bV- 


c8 3 


Differentiating the first we obtain 

^=2&e+3c6* 


II 
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Substituting the numerical values 

o 122=2 X3 o86+3(3o8) 2 c, 
o 130=2 X 3286+3 (328) 2 c 

The variation of with 0 is here so small that the term 
3C0 2 is unnecessary and the expression ~ Q —2bO is sufficiently 


accurate , whence we find 6=0 000198 In principle however 
we can equally well solve for c also 
Thus I 7 =t 7 0 +o 000198 0 2 , 

A=U 0 —o OOO 1980 2 

If the latent heat of transformation at 58° be 40 0 calories 
per gram we have 

40 o=i 7 0 +o 000198 X (273+58)2, 
whence £/„== 18 3, 

^ 4 =i 8 3—0 OOO1980 2 
If 9 m be the transition point, then 
0=18 3—0 0001980^ 


whence 



183 

0 000198 


= 304 ° 


This gives the transition point as 31 0 C 
Neinst first made such a calculation for the transition 
pomt of rhombic sulphur to monoclimc sulphur and obtained 
a value m satisfactory agreement with the observed value 
The equation can be applied equally well to the calculation 
of the melting point of a substance, the melting pomt b ein g 
merely the transition pomt from solid to liquid The only 
data required are the specific heats of the liquid and of the 
solid and the latent heat qf fusion, but at the present time 
thermal data of sufficient accuracy are not available m a very 
large number of cases 


THE EXPERIMENTAL JUSTIFICATION OF NERNST’S ASSUMPTIONS, 
AND THEIR THEORETICAL SIGNIFICANCE 

It has already been said that the two assumptions 


dA 

dQ~° 


•when 0= 


are made with the express purpose of causing the thermo- 
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dynamically indeterminate integration constant ot the Giubs- 
Helmholtz equation to vanish m the case of solid and liquid 
systems The justification of the assumptions depends 
mainly upon the agreement with experience of consequences 
derived from them 

The tests take three forms 

1 Calculation of transition points from the condition .4=0 
This yields satisfactory results m all cases whe^e the thermal 
data are known with sufficient precision to allow the calcula¬ 
tion to be earned out 

2 Companson of the values of .1 derived from the equations 
given above with directly determined values of A The 
quantity A may be determined directly by ( o) measurements 
of vapour pressure, (b) measurements of solubilit}*, (c) measure¬ 
ments of electromotive force 

Thus if the vapour pressures of solid and super-coolcd 
liquid are measured we have A =jR0 hi 

Auii i 

If the solubilities of rhombic sulphur and of monoclimc 
sulphur m the same solvent are measured we have 

/l=i?0 In 

•0 rhombic 

Similaily the electiomotive force of the cell grty tin, electrolyte, 
white tin is a measure, as we have already seen, of the afhmt} 
of the process, and can be calculated by means of Nemst s 
equations from the specific heats of the two forms of tin and 
the heat of transformation 

Calculations of this sort justify the Nernst theorem One 
of the best experimental investigations of the matter is that 
of Bronsted (Z physikal Chem , 1914,88, 479), which merits 
very careful study m the original 

3 Direct evidence is available to show that diminishes 

0 i0 

steadily with fall of temperature 
dXJ 

For %-=difference between specific heats of reactants and 
a 0 

products 

This has been found to dimmish with 0 in the case of 
rhombic and monoclimc sulphur, and in the case of several 
sohds and super-cooled liquids Thus at 320° abs, the 
difference between the specific heats of liquid and solid 
betol is 0 067, at 240° 0 0355, and at 130° 0 004 
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Turning to the theoretical significance of the two assump¬ 
tions we see that if -^=0 the absolute zero, then the 

specific heat of any compound at this temperature must be 
the sum of the specific heats of its component elements For 
consider the reaction 

Fe-\-S=FeS 

•^=Specific heat of iron+Specific heat of sulphur— 

Specific heat of ferrous sulphide 

If 5 =o when 0 =o it means that the molecular heat of 
do 

ferrous sulphide is the sum of the atomic heats of iron and 
sulphur at the absolute zero In other words, at this tempera¬ 
ture specific heat is an additive piopeity 


EXTENSION OF THE NERNST THEOREM TO THE CALCULATION 
OF GASEOUS EQUILIBRIA 


By means of the van’t Hoff equilibrium box a value of A 
may be derived for a gaseous transformation at constant 
volume This value may be substituted in the Gibbs-Helm- 
holtz equation, and the integration performed But in this 
case we could not put the integration constant equal to zero, 
because the Nemst assumptions, which make the integration 
constant vanish, only apply to condensed systems A simple 
case illustrates their inapplicability where gases aie con¬ 
cerned 

For the expansion of a perfect gas from volume v x to 


volume v 2 the value of A is RQ In — and 


v. 


dA „ , v 2 


In 

dQ v r dA 

This is independent of 6, hence the relation y. =o when 

do 


0=o cannot hold 

Bnt by an indirect method Nemst's heat theorem may be 
applied to the calculation of gaseous equilibria, or, m other 
words, to the evaluation of the integration constant I of the 
equation 


fu 
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Suppose a chemical reaction such as the following, 
CO+H 2 O=C 0 2+H 2 , to take place between the substances 
m the solid state The conversion of one gram molecule of 
solid carbon monoxide and one gram molecule of ice into 
carbon dioxide and hydrogen, also m the solid state, would, 
if conducted reversibly, yield a quantity of work A s Since 
the whole transformation is taking place m the condensed 
state Nernst’s theorem may be applied and ma Y ke 
expressed m the form A S =*U S — bO 2 without an integra¬ 
tion constant 

The value A g for the affinity of the corresponding gaseous 
change is given by 

^l a =R0{Stf InC—lnK}, 



If the relation between A s and A 0 can be found the con¬ 
stant I can be evaluated 

It will be convenient for what follows to express K not m 
terms of concentrations but m terms of partial pressures and 
to write 

Infi—InKg}, 

where fi represents the partial pressure of any gaseous 
component 

means the equilibrium constant with concentrations 
expressed m terms of partial pressure 

The relation between A s and A q is found m the following 
way We first allow the reaction to take place m the solid 
state, thereby obtaining the work A s We then achie\e the 
same final result by first evaporating the reactants, allowing 
them to react m the gaseous state, and then condensing the 
products The total work yielded m this process must be 
equal also to A s since the passage from the same initial state 
to the same final state at constant temperature must yield 
the same amount of work by whatever reversible path it is 

brought about , , , , ,, 

We proceed therefore to calculate the work done when the 
reaction is conducted m this indirect way 

(I) 1 gram molecule of solid carbon monoxide is evaporated 
under its vapour pressure nco The work done is R$ 1 gram 
molecule of ice is also evaporated under the vapour pressure 
7r H 0 The woik done is JRO, making 2Re m all 

(II) The gases so obtained can be made to react by \uy 01 
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an equilibrium box The all-important point is that we 
choose the arbitrary final pressures of carbon dioxide and 
hydrogen so that they are equal to ttco 2 and 7c# a respectively, 
these being the saturated vapour pressures of the solid carbon 
dioxide and solid hydrogen. 

The work done is 


R6 


ln *_co^o_ InKi 


(m) The gram molecules of carbon dioxide and hydrogen 
can now be reversibly condensed to solid by the expenditure 
of work 2 R6, which cancels the corresponding term m (1) 
The operation is now complete The total work is given 
simply by 

R0{Znln tc — In K p }, 
and this must be the same as A s 
Now since by Nemst’s theorem A s can be expressed m the 
form A S =U S — 60 2 

we have 

RO In it —In K P } =U 3 —b 0 2 

This is the fundamental equation for the icst of the dis¬ 
cussion 


EVALUATION OF THE INTEGRATION CONSTANT OF THE 
EQUATION 

dlnK U 
dO RO 2 

From this differential equation we find 



It is required to find / 

The last equation of the previous section involves terms 
such as In tc 

For the variation of vapour pressure with temperature 
w T e hav£ 

d In 7t_ X 

~W~W 2 


whence 
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Substituting in the fundamental equation for hi t and 
In K P we find 

m { Zn fkw+ J:,n j -Mf^--R0i=u s -bv 

The two sides of this equation are functions 01 0 We can 
therefore equate the coefficients of like poweis of 6 on the 
two sides In particular we shall equate the coefficients of 
the first powers of 0 

The terms RqJ *^ and do not contribute anj 

first powers of 0 

Both expressions are of the same form, so that it will be 
sufficient to show this for one of them 



(36 2 -f- 

R0 2 


9+y J 

Fiom this it is obvious that there is no term m the first 
powei of 0 contributed to the left hand side of the equation 
by these expressions The only such terms arc 2, iRQ and 
— RQI. Thus the coefficient of 0 on the left hand side is 


K{Sm*—1} 

On the right hand side there is no term m the first power 
of 0 It will be remembered that the teim m I7 fe —50 2 
vanished as the direct result of the Nemst theorem 
Thus we have 

R{Lm—I} = 0 , 

or 7=£m 

Thus the integration constant of the van't Hoff equation 
is seen to be the algebraic sum of the integration constants 
of the vapoui ptessuxe equations of the various corresponding 
solids (Reactants are counted as positive m forming this 
sum, products negative) 

This means that, m principle at least, gaseous equilibria can 
be calculated a fino) 1 from purely thermal data Although 
accuiate enough thermal and vapour pressure data aie 
seldom available for very exact calculations, most valuable 
results are yielded by even approximate calculations ot the 
order of magnitude of equilibrium constants The position 
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of equilibrium m a reaction which has never been studied 
experimentally at all can be appioximately foretold Refer¬ 
ence should be made to many illuminating examples m 
Sackur’s Berechnung Chennscher Affimtaten 

EXTENSION AND QUALIFICATION OF THE BERTHELOT PRINCIPLE 

The equilibrium constant of a gaseous reaction now assumes 
the form 



If we take U as constant, and doing this does not affect 
our argument qualitatively in the least, the equation becomes 

In K=—^+*Zm 

Let us consider the two terms on the right side of the 
equation separately U is heat evolved K is expressed 
with the products of the reaction m the denominator thus 
a large value of K means very incompletely formed products, 
and a small value of K means stable products 
When much heat is evolved, U is large and positive — U, 
therefore, has a large negative value In K, likewise, has a 
large negative value This means that K is very small 
That is, the products arc very completely formed This is 
exactly m accord with Berthelot’s principle 
A large value of 2m operates the other way, making K 
large, which means large dissociation of the products or very 
incomplete reaction 

According to their signs — and 2 m may reinforce each 

-T5.0 

other or counteract each other 
As a matter of fact most values of % are of roughly the same 
order of magnitude, and 2 n itself plays the most important 
part m fixing the sign of this term 
If many molecules unite to form few m the reaction, 2 n 
is large and positive Thus 2 m is probably also large and 
positive This tends m the direction of increasing K, and 
thus operating against the formation of the products Let 
us take one simple example If a very large number of 
molecules of carbon, hydrogen, and oxygen be thought of as 

U 

yielding cane sugar by synthesis 2 m will be enormous —-g = 
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will not be very large Hence K will be enormous That is 
to say, the amount of sugar synthesised at equilibrium is 
extremely minute—numerical calculation shows quite im¬ 
measurably small This influence of the term, therefore, 
may quite overcome the influence of the other There would 
then be no approximation to Berthelot’s principle 
The influence of a large value of Tn has a clear interpretation 
m terms of the theory of probability The extremely compli¬ 
cated sets of molecular encounters which would have to occur 
if a very complex body were to be formed b^ direct synthesis 
from its elements are so improbable that the yield ot product 
at equilibrium is negligible 



CHAPTER IX 


ENTROPY AND PROBABIIITY 

From the beginning we have seen that the second law of 
thermodynamics is a direct and inevitable consequence of 
the very nature of matter and of heat All matter is built 
up of molecules, and the heat which it contains is the sum 
of the mechanical energies of all the individual molecules 
This energy may be of several forms First, it may be kinetic 
energy of tianslation, rotation, or vibration about a mean 
position, and internal energy due to the relative motion of 
the atoms constituting the molecule Secondly, it may 
comprise potential energy due to the separation of the mole¬ 
cules from one another despite attiactive forces tending to 
draw them nearer together, or due to the displacement of 
unsymmclncal molecules fiom a position of more stable 
orientation When heat is supphed to a body fiom without 
it raises the temperature if it increases the molecular kinetic 
energy, it may, on the other hand, pass into the foim of 
molecular potential energy, in which event it constitutes 
latent heat For example, the ' latent heat of expansion' 
of an impeifect gas, heated at constant pressure, represents 
the work done against the molecular attractions , latent heat 
of vaporisation represents mainly work done m removing the 
molecules to the great distance which separates them m the 
state of vapour Latent heat of fusion represents work done 
m displacing the molecules from their ordered arrangement 
m the space lattice of the solid to the completely random 
orientation which prevails in the liquid state the increase 
m potential energy which the actual de-orientation involves 
is increased or diminished by a term depending on the relative 
distances apart of the centres m the solid and the liquid states 
respectively 

We have seen the important relation between temperature 
and the kmetic portion of the total energy It depends upon 
a very general theorem in mechanics, the principle of the 
equipartition of energy This principle determines the 
partition of kmetic energy among the various degrees of 

170 



ENTROPY AND PROBABILITY 171 

freedom in a system composed of a large number of bodies, 
such as molecules, all executing complex motions of trans¬ 
lation, rotation, and vibration, and capable of transferring 
energy one to another The average kinetic energy 13 the 
same for each degree of freedom The a\erage translational 
energy per molecule of a gas is the same, foi the translat onal 
motion resolved along each of the three axes, the avtmg^ 
rotational kinetic eneigy about each of the possible axes ot 
rotation Subject to certain restrictions introduced bv the 
quantum theory these general mechanical results are confirmed 
completely by experiment 

If we suppose two bodies to be placed m contact, energy 
will be transferred from one to the other (the simplest way is> 
by molecular collisions at the boundary) until the average 
kinetic energy per molecule per degree of freedom is the same 
for each body They will then be m statistical equilibrium, 
and no further net passage of heat wall take place This is 
precisely the criterion of tempeiature equality which empirical 
thermodynamics uses 

The existence of a statistical equilibrium m respect of the 
molecular energies is the mechanical counterpait of the 
existence of an empirical temperature The fact that the 
actual mechanical law governing the statistical equilibrium 
is the equipaitition principle leads to the direct proportionality 
of temperature and kmetic energy per degree of freedom 
The quantum theory mtioduces no leal difficulty it is at 
most a practical difficulty, and even then we can always 
define the temperature of a solid body as equal to the tempeia¬ 
ture of the monatomic gas with which the bodv will come 
into thermal equilibrium The ougmal kinetic concept’on of 
the tempeiature of a gas is unaffected by quantum modifica¬ 
tions 

Having recapitulated these general ideas, w’e may now 
proceed to consider more fully the molecular interpretation 
of the second law of thermodynamics and the ph\ sical meaning 
of entiopy We have already seen the distmction between 
mass motion and molecular motion, and seen how r the con¬ 
version of mechanical energy into heat entails the transforma¬ 
tion of ordered mass motion into random molecular motion 
Let us consider a mass of gas at a temperature 0„ and fix 
our attention on the individual molecules These are moving 
with diffeient velocities m all directions To depict the state 
of the gas at any instant a senes of lines can he diawn fium 
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some fixed origin to represent the velocities m magnitude 
and direction The lines vary m length, but the mean length 
is definitely determined by the value of 0! Their directions 
m space are absolutely random At the instant under 
consideration let the mass of gas as a whole be conceived 
to move m a given direction with velocity v This means 
that each individual molecule has now, m addition to its 
random motion of thermal agitation, a component v m a 
direction which is the same for all the molecules From the 
point of view of a single molecule this is of course indistin¬ 
guishable from the ordinary thermal velocity and compounds 
with it to a single resultant This resultant velocity is 
modified by each collision which the molecule undergoes, and 
soon the common directed component v will no longer be 
distinguishable even when all the molecules are taken into 
consideration A new senes of lmes could now be drawn to 
represent the molecular velocities the directions would be 
random as m the original instance, but the average length 
would be greater than before The increase m the average 
length corresponds to the increase m the temperature to 0 2 
The important point is the disappearance of the directed 
velocity component The velocity components have become 
mixed up as regards their distribution m space The distribu¬ 
tion is said to be a moie piobable one than before The 
meaning of the word piobable is made clearer when we say 
that the leverse process, namely, the cooling of the gas and 
its moving off as a whole is an impiobable process m the same 
sense It is improbable that the common component origin¬ 
ally possessed by all the molecules will ever emerge again 
from the chaos of moleculai velocities This is simply the 
second law, which can be stated in the foim that molecular 
configurations always tend to pass from a less probable to a 
moie probable state Incidentally, we must notice that m 
the case just considered of the gas becoming hotter and losing 
its mass kinetic energy the entropy increases simultaneously 
with the probability of its condition Here we have the 
simplest instance of the correlation between the entropy of 
a system and the probability of its condition This is a 
correlation which we have to examine m some detail as it 
reveals the true significance of entiopy The purely thermo¬ 
dynamical result that all spontaneously occurrmg processes 
are accompanied by an increase of entropy moans that every 
system tends to pass fiom its existing state into a state where 
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the mechanical condition of its molecules is a more probable 
one 

We have just seen how a distribution of velocities can 
become more probable But the state even ot a monatomic 
f perfect ’ gas is not completely determined when only the 
magnitude and direction of the molecular velocities are 
known The positions m space of the molecules must also 
be known Positional co-ordinates and velocity co-ordmates 
axe both necessaiy for defining the mechanical state of the 
gas When a gas expands to double its initial volume it 
passes into a more probable state The truth of this is e\ ld.-nt 
if we reflect that only the most improbable senes of collisions 
could result m the retreat of all the molecules into half the 
final volume, leaving the other half of the space vacuous 
If there were only a dozen molecules they might, by a not 
very impiobable chance, collect themselves into one-half of 
the total space at their disposal But that the manj millions 
of molecules which are contained m even the minutest bubble 
of gas should all do this would be an event of that transcendent 
degree of improbability which empmcal thermodynamics calls 
impossibility.* 

The two important things, then, are (a) a probable distribu¬ 
tion of velocities, (6) a probable arrangement of the molecules 
m space The primitive form of the second law ot thermo¬ 
dynamics, namely, that heat cannot pass spontaneously from 
a colder to a warmer body, follows from the first requirement 
For were this to happen the cold body would become colder 
and the hot body hotter The difference between the average 
velocities of the two sets of molecules, belonging respectively 
to the cold body and the hot body, would increase Instead 
of all the velocities meiging into one mdistinguishable group 
they would fall apart mto two more and more widely differen¬ 
tiated sets This is an ‘ improbable ' occurrence, or an event 
which is very much at variance with the laws of chance, just 
as though shuffling a pack of cards should sort them 

We know, however, that heat can be made to pass from a 

* When we speak of random molecular motion we must avoid the error of 
supposing that the motion of each molecule is not determined during all its 
subsequent history when the initial condition of the gas is known We only 
mean that at a given mstant as many molecules are moving m one direction 
as m another The motion being determinate, but fai too complex for us 
to calculate in detail, we cannot say that the gas will not at some time pass 
into a highly ‘ improbable * condition But we know that it will pass out 
of it again, and that during the whole of its existence it will spend but an 
infinitesimal fraction of its time in ‘ improbable ’ states 
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body at a lower temperature to one at a higher, if at the same 
time work is perfoimed on the system by some external 
agency For example, this happens when a Carnot cycle is 
driven backwards 

This brings us to the subject of thermodynamic 4 compensa¬ 
tion ' The meaning of this term may be iecalled Heat 
cannot pass from a colder to a warmer body without 4 com¬ 
pensation/ that is, without woik being perfoimed Heat 
cannot be converted into work without 4 compensation/ 
which consists m some such change as the expansion of a 
gas, or the simultaneous passage of some heat from a hot 
body to a colder one as in the direct Carnot cycle In all 
these examples there is a change from a more piobable to a 
less piobable state, which would not occur by itself The 
4 compensation ' m each instance consists m an accompanying 
change from a less probable to a more probable state m some 
other respect In the compensation there is an mciease m 
piobability of condition which balances the deciease m 
probability attending the primary piocess 

Suppose, for example, work is peiformed by the adiabatic 
expansion of a gas Ihe kinetic energy of the gas molecules 
decreases A weight could be raised, which, m falling again, 
could impart mass kmc tic energy to the gas itself Ihus the 
gas cools and moves This is a passage to a less probable 
state But the gas now occupies a laiger volume. The 
probability of the spatial distribution of its molecules has 
increased The probability of distnbution of the molecular 
velocities has diminished Ihe two things compensate for 
one another* It is noteworthy that a more probable distribu¬ 
tion of molecules in space may make up foi a less probable 
arrangement of velocities 

In the Carnot cycle we have conversion of heat into work 
involving an analogous passage from a moie probable to a 
less probable state Ihe compensation consists m the 
simultaneous passage of some heat from the high temperature 
to the low temperature source. This is m effect equivalent 
to the equalisation of a temperature difference, a meigmg of 
two separate sets of molecular velocities into one indistin¬ 
guishable set Here both the improbable event and the 
compensating event are concerned with the velocities, and 
not with the space co-ordinates, which are unaltered at the 
end of a complete cycle 

At the end of all cyclic processes the space co-ordinates are 
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unaltered, and any compensations have all to be ccncuned 
with the velocity co-ordinates 
The two sorts of probability can be seen each to be lepre- 
sented by a term m the expiession for the enlrop\ of a puled: 
gas This expiession is 

S—C v In 0 +R In £-(-constant 

The matter becomes clearest when approached m tlie 
following way Consider two sepaiate gram molecules of the 
same gas, one havmg tempeiature 0 1} and \olume i v the 
other having tempeiature 0 2 and \olume r 2 Lu them De 
mixed, as by the turning of a tap, the total \ olume lunaimng 
constant The new entropy is 

sj C v ln^~- z +R In constant J * 


since we now have two gram molecules of gas ou-dpjirg a 
volume v 1 -\-v 2 y an d havmg a temperature 

2j R log [vi+v 2 ) is clearly greater than R log v ± ^-R log v 2 , 
and the excess represents the increase m entrop} due to the 
mixing of the two lots of gas and the equalisation of pressure 
The connection of this teim m the entropy expression with 
the probability of the spatial distribution of the molecules is 
thus obvious, since it is clearly more piobable that the mole¬ 
cules shall be uniformly distributed throughout the whole 
volume than that they shall be more densely packed in one 
portion of the space and less densely m the other 
With regard to the other term depending on 0, 


2C V In 


Q1H-Q2 

2 


is readily seen to be greater than C 0 In 0x-f C v hi 0 2l for 
In 0 2 —In (0x0a), while 2 In * 


0 being an essentially positive quantity, this last expression 
must, of couise, be greater than In (0x02) * Thus we see that 
there is an increase in the total entropy due to the equalisation 
of temperature After this equalisation the distribution of 
molecular velocities is also a more probable one, since the 
velocities are no longer divided into two separate groups 
These considerations establish a general parallelism between 
the entropy of a system and the probability of its condition 


2 "') + i Ms We have thus to show that l 

> i Ma or 0x a +0 a 4 — aM*>o This must be so as (0i-0*) a is positive 



176 THERMODYNAMICS FOR STUDENTS OF CHEMISTRY 

It now remains to seek a more precise connection A definite 
quantitative definition of probability of condition is first 
necessary There has been no difficulty m seeing qualita¬ 
tively what is meant by the statement that a system passes 
from a less probable to a more probable state It means 
simply that the reversal of the process by which the change 
occurred would demand a series of molecular happenings 
agamst which the odds are very great Boltzmann put the 
whole matter in an exact quantitative form 
For simplicity we confine our attention once more to a 
monatomic gas Let the number of molecules be N, the 
temperature 0, and the volume v Boltzmann regards the 
gas from two aspects, as a mechanical system on the one 
hand, and as a thermodynamical system on the other To 
define its condition in the first sense it is necessary to know 
at any instant six factors relating to each single molecule, 
namely, the three components of its velocity and the three 
co-ordinates fixing its position m space 
Mechanically, the gas is m a state of perpetual change, 
the molecules move hither and thither, and at each collision 
their velocity changes, becoming now great and now small 
But to an observer unable to appreciate the vicissitudes of 
individual molecules the gas attains an apparently steady 
condition of uniform temperature and pressure, so long as it 
is free from external influences Thus, the knowledge of two 
quantities only, namely, tempeiature and pressure (or volume) 
may be said to define m it the thermodynamic sense. This 
is a much less refined analysis of the actual state of the 
molecules than is demanded by the mechanical definition, 
which involves the knowledge of 6 N quantities 
The pressure of the gas depends upon the number of 
molecules m each element of volume If we divide the whole 
volume up into elements dv, and denote the number of 
molecules m each by ndv, there will be a uniform pressure 
when n has the same value for each element The elements, 
although small, must be of sufficient size for n to be a large 
number For a given element of volume the actual individual 
molecules making up the ndv change continually Indeed, 
after the lapse of a short time the majority of the original 
ndv molecules will have been replaced by others But the 
total number ndv remains constant except for minor fluctua¬ 
tions which can be made as small as we please by choosing 
the size of dv suitably The gas is said to be m a steady 
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state or m statistical equilibrium Now we come to the 
essential part of Boltzmann's interpretation The > de mole¬ 
cules in the volume element dv can be made up out of the 
N individuals m a great many different ways, just as 
ioo identical objects fi\e can be selected and placed m a 
| ioo 

b° x ln 195—j~5 wa ^ s ^ et US Sd ?P° se to e the 

state of the gas with regard to its density at every pouit, this 
density being not necessarily a uniform one Let 1 , v, and 2 
be the rectangular space co-ordinates fixing the positun of 
the element dv We must then know n in terms of 1 , v, and 2 
We may suppose that in successive volume elements 
dv 2 there are respectively n^dv^ r k jh 2t v z dv z 
molecules The thermodynamic state of the gas is defined 
with regard to pressure if we can say in this way that there 
are n x dv 1 molecules m do lf n 2 dv 2 m dv 2 , etc There are AT 
molecules m all Now iV things can be arranged in groups 
, . | N 

ol a, 0 , c m -==— ways Therefore there are 

\J_ \b \c 

1 N 

- 3 - 3 --- ways in which the actual mole- 

1 *1 dv x l n 2 dv 2 | n z dv z J 

cules can fulfil the ‘ thermodynamic' condition 

Analogous considerations apply to the molecular velocities 
Thermodynamically, we know all we require about the gas, 
if we can say that so many molecules have speeds between 
such and such limits, so many between such and such other 
limits, and so on It is a matter of indifference which 
individuals go to make up each little specified group 
Thus we see that a given thermodynamic condition of the 
gas can be realised by a great many arrangements of the 
individual molecules The number of such arrangements 
Boltzmann calls the number of complexions The number 
of complexions is taken as a quantitative measure of the 
probability of the condition of the gas A little reflection 
will show why this is justified The conditions which will 
occur most readily m the gas aie those which can be realised 
by the greatest number of molecular arrangements Returning 
for a moment to the expression for the number of arrangements 

of the molecules in the elements dv , etc ,- 3 - 

\ n x dv x 17 i 2 dv 2 
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we can take dvy=dv 2 =dv z . , the gas, when left to 

itself, tends to asstime a state fluctuating only to a very small 
extent on either side of that for which this number is a 
maximum. It is easy to satisfy oneself that a factorial 

| N 

expression of the form—=-, where a+b+c . . . =AT x S 

\_a {]> \c 

greatest when a=b=c In this case, then, the condition of 
maximum probability is reached when n 1 =n 2 =n z , that 
is, when the density of the gas is unifoim throughout 
Although this result could easily enough have been foreseen 
without calculation, its derivation has served to illustrate 
Boltzmann's method m a simple way When we have to 
deal with the distribution of velocities the problem becomes 
more complicated If the velocity of a molecule is defined 
by the rectangular co-ordinates a, v, w> we have to consider 
how many molecules have velocities between u and u+du, 
v and v+dv, w and w+dw, or, imagining each velocity repre¬ 
sented by a line, how many molecules have velocities 
represented by lines terminating m the element da dv dw. 
This may be expressed briefly by saying that we require to 
know the number of molecules m each velocity element 
du dv dw We cannot conclude, as we did m the case of the 
spatial distribution, that the maximum number of arrange 
ments of molecules for a given thermodynamic state is 
obtained when the numbers of molecules m each velocity 
element are equal, because while the actual total volume of 
the gas is finite, the volume of the three dimensional velocity 
diagram is mfirnte, and we have now another condition to 
fulfil, namely, that the total kinetic energy of the gas is 
constant Subject to this condition Boltzmann found the 
maximum number of arrangements or complexions to be 
greatest when all the gas has the same temperature, and 
when Maxwell's law of distribution applies 
An expression for the number of complexions by which 
the thermodynamic state of a perfect gas is realised can be 
worked out in terms of 6 and v Let this number be W 
As we have already seen, there must be some connection 
between W and the entropy S A quite general argument 
gives an indication as to what function of W should be con¬ 
nected with S We write in the first place S~f{W) Now 
we consider two gases for which the values of W are respect¬ 
ively W 1 and W 2 , and the entropies of which are S x and S 2 
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The total entropy is If the hist gas can realist lt -> 

theimodynamic condition b} W 1 molecular airangenitnts, 
and the second by \V 2 independent arrangements, there aie 
W x arrangements of the fiist for every one of the second, or 
W X W 2 m all 

W X W 2 is the ' probability’ of the composite system 
Therefore S=f(W x W 2 ), 

but S=S x +S t =f(W x ) +f(W 2 ), 

thus f(W x W 2 ) =/(lT 

The function which satisfies this last relation is a logarithm 
Thus we see that we should seek a correlation between tne 
entropy and the logarithm of the probability, and we write 
5=constant > In W 

Boltzmann finds the value of In W for one gram molecule 
of a monatomic gas to be given by 

In W=N In v+^N In 0+constant, 
but S=jR In v-\-Ct In 0+constant 

R 

and since an< ^ 

we have S=klnW 

K Boltzmann’s exact derivation of the expression for log U 
is too lengthy to be given here The complication of it arises 
largely from the fact that the molecules have velocities 
distributed m accordance with Maxwell’s law The following 
simple derivation of the entropy formula of a monatomic gas 
from the laws of chance may help, however, to lender the 
relation between entropy and probability clear 

(i) Suppose a gas has expanded from volume v x to volume 
v 2 at constant temperature Let the smaller volume a x be 
imagined marked out m the larger volume The chance that 
a given molecule, free to move through the whole volume v 2t 

v 

shall find itself within v, is —*» The chance of its being some- 

V* 

where m v 2 is greater, therefore, than its chance of being m 
v x in the ratio For two given molecules the chance becomes 
times greater, and for N molecules the chance is 

(^j times greater 
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k In J£«=«V In V<1 , 

W 1 vj. 

thus k In W 2 —k In W-j=kN In v s —kN In v v 
or, geneially, k In W=kN In v+ constant, 

but *=f, 

therefore k In In H*constant, 

when G is constant 

( 2 ) Now suppose the volume to remain constant 
Let the tempeiature be 0 2 Let each velocity component 
have the average value 

Now suppose the gas drops in temperature to 0 lf each 
velocity component now having the average value u 1 Unless 
the probability of condition of some other body changes also, 
m which case we cannot draw conclusions without taking 
this other body into account, we must suppose that the heat 
which the gas loses is converted into directed motion In 
other words, each individual velocity develops a singularity 
which was absent before Each of the 3 N quantities shrinks 
m effect from u 2 to u 1 The new state of the gas is less 
probable than the old m a ratio which may be represented 

(a A3JV 

by W / * f° r wc ma y think of each of the 3 N components 
being simultaneously changed in collision m such a way that 
only 1 of it remains landom motion Thus, we have 


^=constant and ?/ 2 =constant \ / 0 2 , 

WrJh\f 


i w x ~ In W 2 = z - 


11 j erefoi e In W =— i 

2 

when the volume is constant. 


In 0 !-— In 0 2 , 
2 

In 0 +constanl, 
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k In In 0 -f constant, 

3 kN_ 3 R_ r 
2 2 13 

Thus we have 

k In W~C V In O-f-constant, 
when v is constant, 

and k In W=R In z>-f constant, 

when 0 is constant 

Combining the two equations, we have 

kin 1 V=C % In 6+i? In i?+constant 
This is the same as the expression for 5 dfmcd iron 

equation dS=^~ 
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